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OPTIi*1IZATION OF A SIMPLE DYNAMIC MODEL OF A RAILROAD

CAR UNDER RANDOM AND SINUSOIDAL INPUTS 

By Jolin S. Mixson and Roy Steiner 

ABSTRACT

This investigation was concerned with techniques for determining values

of damping and spring constants that would minimize the/vibrations transmitted
//

from irregular railroad track to passenger positions. Results developed for 

a three-degree-of-freedom model using a simplified representation of measured 

track roughness illustrate the influence on the minimizing values of the type 

of input used, the minimisation criteria adopted, and the position at which 

vibrations were minimized. The results were sensitive to variations of the 

spectrum of the input, suggesting the importance of measuring actual track 

irregularities and of using the measured data in optimization studies. 

Different results were obtained when the m s  acceleration was minimized than 

when peal; value of spectral density was minimized, suggesting that the 

effects on passenger comfort of overall acceleration level be compared with 

the effect of vibrations that are concentrated near a single frequency.

Results obtained by varying the suspension stiffness of a heavy electrical 

transformer suspended beneath the center of the particular type of railroad 

car suggest that such heavy components can be tuned to improve the vibration 

transmission characteristics of the system.



OPTIMIZATION OF A SIMPLE DYNAMIC MODEL OF A RAILROAD

CAR UNDER RANDOM AID SINUSOIDAL INPUTS 

By John S. Mix-son and Roy Steiner 

INTRODUCTION

The recent introduction of high-speed railroad jjassenger service 

between Washington, D. C. and New York has stimulated considerable interest 

in the effects of vibration on passenger comfort. For example, a recent 

newspaper account (reference l) describes the high-speed Metroliner train, 

shown in figure 1, as "smooth riding," but also says " . . .  at times the 

train vibrated badly during a ll4 mph run between Washington and Baltimore, 

making it hard for passengers to read." Clearly, if the desired speeds of 

l 6 o  mph (reference 2) are to be practical., methods must be developed for 

preventing such passenger discomfort due to train vibrations. Efforts are 

now underway in a number of organizations, including Langley Research Center, 

to improve the understanding of the mechanisms of transmission of vibrations 

to passengers, and to determine the limits of vibration for comfort. The 

primary source of train vibrations is the roughness of the track and roadbed 

so efforts are also underway to determine methods of measuring and improving 

track/roadbed properties.

Some of the research that has been done related to vehicle and roadbed 

dynamics is reported in references 3 through 9* In reference 3 a frequency 

domain technique for calculating response is compared with time domain 

techniques and found to be somewhat more efficient for linear systems having
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random inputs that are statistically stationary. In reference 4 the 

influence of roadbed elasticity is studied; and in reference 5 the dynamic 

stresses In railroad wheels are studied. In reference 6 a dynamic model 

having many degrees of freedom is described, along with a system for 

measuring track roughness. References 7 and 8 provide additional information 

on techniques for identifying roadbed Properties. In reference 9 some 

techniques for minimizing the dynamic response of a vehicle are developed.

A topic not sufficiently discussed in the literature is that of minimizing 

the dynamic response of rail vehicles by appropriate adjustment of the 

vehicle damping and spring constants.

The investigation described in this paper represents an attempt to 

obtain understanding of the significant parameters involved in minimizing 

the vibrations transmitted from the track to the passenger positions. It is 

known that the response of a dynamic system such as a railroad car can be 

minimized by choosing certain (optimum) values of the damping elements in 

the system. The objective of the present investigation was to determine the 

influence on the optimum values of damping of such things as the nature of 

the input (sine or random), the optimization criteria, and the location at 

which the vibration is optimized. The particular railroad car studied had a 

heavy electrical transformer suspended beneath the center of the car, so the 

sirring stiffness of the transformer suspension was also varied in an attempt 

to minimize the car response. In order to keep the computations from 

becoming unwieldy only three degrees of freedom were included in the mathe-^ 

matical model, and a simplified representation of the track roughness 

spectrum was used. The pl;m of this paper is to discuss first the analysis 

and optimization procedure (leaving the equations for an appendix), then 
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to discuss the track roughness measurements, and finally to discuss the 

results obtained with the three degree of freedom model.

ANALYSIS

A sketch of the three-degree-of-freedom model used in this analysis is 

shown in figure 2. The equations of motion of this system, are presented in 

Appendix B. The model consists of a flexible beam representing the railroad 

car, and a mass attached at the midpoint of the beam representing an elec

trical transformer used in the power system of these particular electrically 

driven high speed trains. The degrees of freedom considered are rigid body 

vertical motion of the car and of the transiormer and the first elastic 

bending mode of the car. The input to this system is provided by the speci

fied motion of the base. The base vibrates symmetrically, thereby applying 

the same displacement to the lower ends of both springs kf, and both 

dampers c^. Pitching and lateral motion are not included in this analysis.

The parameters held constant throughout this analysis include the 

weights of the car and transformer and the car rigid body and bending 

frequencies. The values used, shown in figure 2, were felt to be reasonably 

representative of current designs. The three parameters varied in the search 

for an optimum design are the transformer frequency f , the car dampingo

n (due to C ), and the transformer damping n~ (due to C,r). Optimization
S  S b b

was carried out with respect to accelerations calculated for three locations; 

the end of the car A ( o ) ,  the center of the car a (l/2), and the transformer 

A(G).
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OPTIMIZATION PROCEDURE

The general objective of the optimization van to minimize the accelera

tions at the two « ar locations caused by a specified displacement of the 

vibrating base. Two minimization methods were used. The first method, 

called the peak minimization method, minimizes the maximum value of the 

acceleration transfer function (for sine input) or spectral density (for 

random input) occurring anywhere in the frequency range of interest. The 

second method, called the RMS method, minimizes the root-mean—square 

acceleration obtained by integrating over the frequency range of interest.

The peak min. method was used with both sine and random input displacements, 

but the RMS method was used only for random inputs.

The procedure used in the peak min. method with a sinusoidal input is as 

follows. First, acceleration transfer functions for the three locations 

were generated for the frequency range from 0 to 15 cps. Typical transfer 

functions (also the optimum) are shown in figure 5* The transfer function 

for each location has relative maximums, ur peaks, at about 1 cps, and 4.5 

cps. For the two cn-r locations a third peak occurs at about 5-5 cps. The

value of each transfer function at each peak is clearly dependent upon the

particular \ alues of damping, ng and ns , and transformer frequency fg 

used to generate the transfer function. The next step in the optimization 

procedure was to generate curves such as shown in figure 3 for several

values of one of the parameters ng, ns or fg while holding other para

meters constant. The value of the transfer function at each peak is then 

plotted as a function of the varying parameter. Typical curves of this type 

are shown in figure 4, where the varying parameter is the transformer
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frequency. The peaks of the transfer functions occurred near 1, 4.5 and 5*5 

cps for all the parameter variations, therefore these frequency values were 

used as a convenient means of identifying the curve shovm in figure 4 

associated with each peak. Each curve shoving the variation of a peal: value 

of the acceleration transfer function vith a varying parameter (in figure *4, 

the transformer frequency) is called a peak acceleration curve. Figure 4 

shovs that there are three peak acceleration curves for each location. An 

acceleration maximum function is now defined as that function consisting of 

the largest of the peak acceleration curves for each value of the varying 

parameter. The acceleration maximum function for each location shown in 

figure 4 consists of the segments of the peak acceleration curves joining 

the circular symbols. The next optimization step consists of choosing a 

value of the varying parameter that minimizes the acceleration maximum 

functions. Figure 4 shows that the transformer frequency value of 4.7 cps 

minimizes the maximum function for both car locations, but not for the 

transformer. In general, the transformer maximum function could not be 

minimized along with those at the car locations. Further discussion of the 

choice of optimum values is presented in "Results." The next step in the 

optimization was to use the minimizing value of transformer frequency 

(obtained from plots such as shown in figure 4) as a constant while varying 

a second parameter. Peak acceleration curves obtained by varying transformer 

damping are shown in figure 5> and those obtained by varying car damping are 

shown in figure 6. The steps described above were repeated until the para

meter value obtained as optimum was sufficiently close to the value used in 

the previous minimization cycle. The curves shown in figures 4, 5> and 6
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are from the final i'.eration cycle from which the optimum values were 

determined for the sinusoidal input. Figures A, and 6 will he discussed 

further under "Results.”

The optimization procedure used in the peak min. method with a random 

input is the same as with a sinusoidal input, except that peak values were 

obtained from curves of spectral density of the output acceleration instead 

of from curves of transfer function. Spectral density maximum function is 

defined as consisting of the largest of the peak spectral density curves at 

each value of the varying parameter. For the model characteristics of this 

study three optimization cycles, or iterations, were sufficient, that is, each 

of the parameters ns, ng and fg was varied three times with improved values 

of the other two parameters. Even with only three cycles required for each of 

three parameters considerable time was spent generating and plotting data 

to obtain the results presented herein. If many more than three parameters 
were to be optimized, this procedure would probably require improved 

computer mechanization in order to be used efficiently. An example of 

the use of computer techniques in an optimization procedure is given in 

reference 9*

The optimization procedure used in the RMS method with the random displace

ment input is as follows. Values of the root-mean-square (rms) acceleration at 

each of the three locations are calculated by means of equation (B?) for a range 

of values of one of the parameters ns, ng or fg while all other parameters 

are held constant. A value of that one parameter is then chosen so that the 

rms acceleration at the car locations is reduced as much as possible. The 

value chosen is then held constant while a second parameter is varied.

6



were obtained from only
a few cycles of iteration using this method.

TRACK ROUGHNESS MEASURK®JTS 

General

The input for the mathematical model to describe the response of tlie 

railroad car is some measurement of the rail surface. This input is 

generally considered to be random in nature and takes the form of a power 

spectral density of the rail displacements or vertical variations from some 

datum plane. Spectral densities of several different types of surfaces, 

artificially prepared, are shown in figure 7 plotted against wave length in 

feet *nd a spatial frequency in cycles per foot. Disregarding the curve for 

the railroad in the eastern United States for the present, the remaining curves 

from reference 4 for a highway, three airport runways and a British railroad 

give a rather orderly group of spectra. Figure 7 indicates that the spectra 

from the several surfaces can be represented generally by the formula

0(f) = Kf“n

where f is the frequency, n is the parameter determining the variation of 

0(f) with the frequency, and K is a constant for a given spectrum and is a 

measure of the surface roughness. It is apparent from figure 7 that the 

exponent n which determines the slope of the spectra is fairly uniform.

For these examples n varies from 2.0 to 4.1.

Two spectra were selected for use in this analysis having slopes or n 

values of 2.07 and 2.64 and are shown in figure 8 plotted against cycles per 

second. It is not considered necessary that the root-mean—square values agree 

precisely with experimental results in this analysis since an examination of

Optimum values of the parameters 1' n~, and n0
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equations B6 and 137 in appendix 13 indicates that the rms value is a constant 

and would not affect the relative magnitudes of the peaks of the spectra of 

the response. The rms value is a measure of the intensity of a spectrum and 

is equal to the square root of the area under the spectrum.

Experimental Spectrum

Available measurements of a two mile section of track in the eastern 

United States were analyzed at LHC and the resulting spectrum is shown in 

figures 7 and 8 for comparison with the spectra used in the analyses. It is 

apparent from figure 7 that this measured spectrum falls within the grouping 

of spectra and gives added confidence in the spectra used in the analysis. 

The spectrum for the railroad in the eastern U. S. does not, however, 

necessarily indicate a uniform slope. In addition, three peaks are rather 

prominent at *K), 20 and iU foot wave lengths. These wave lengths correspond 

to the rail lengths, the spacing of alternate joints of the two rails, and 

the length of the xod in the rail—roughness measuring system. These 

relations may be coincidental, but the results can point out the care which 

must be exercised in the measurement, analysis, and interpretation of 

experimental spectra. There is always the possibility that the recording 

system or the data analysis technique may contaminate the results. Let us 

consider briefly the measurement of track roughness and data evaluation.

Measurement of Track Roughness

It is necessary to devise methods of measuring the track displacements 

under dynamic conditions since the elastic track moves under normal usage 

due to such parameters as the train weight, spacing of the ties, irregulari

ties in the roadbed, and the impact loads due to the train movement. Most 
8



current rail measuring devices are variations of a three poinc measuring 

device such as the one in use by Helpar (reference 6). The system consists 

of two horizontal rods suspended from the axle of the railroad car, one rod 

parallel to each track. Each rod has three capacitance transducers mounted 

o-*t. The output of each transducer is related to its distance from the 

rail and suitable combination of the transducer outputs yields a reading 

related to the shape or roughness of the railroad track. These readings were 

recorded continuously for several stretches of track and the continuous readings 

were digitized for spectral analysis. The spectrum for a large range of 

wave lengths cannot be defined because a filter in the form of the rod length 

used in the measurement has been inserted in the system. In the system 

described, the rod length was 1^ feet and the spectral analysis will yield 

fairly good estimates of the spectrum for wave lengths between approximately 

9 and 28 feet. The effect of this filter on the spectrum was investigated 

analytically and corrections were applied to the spectrum. The adjusted 

spectrum is shown in figures 7 and 8 over a wave length range of 9 to 

approximately 150 feet.

In further mathematical studies of train dynamics, better measured 

spectra of track roughness should be obtained accurately at frequencies down 

to about 0.1 cps as an input to the studies. Significant problems may be 

encountered in-trying to get data at these low frequencies as indicated by 

the preceding discussion. One procedure which may be used to establish the 

spectral shape and then the relative roughnesses (K value) is outlined:

1. Survey a two-mile section of the track in the static unloaded 

condition to establish the shape of the railway roughness spectrum.

9



2. Repeat survey ,ih the track loaded (train advances as the survey 
advancer.) to determine constancy of spectral shape and railway roughness.

3* Determine roughness under dynamic conditions with car-mounted 

equipment for several speeds. (Constant monitoring required with adjustment 

in procedures as indicated by results)

b. With spectral shape and intensity of railway roughness established, 

calibrate other types of measuring equipment if compatibility of all data is 

desired.

5* Repeat procedure on at least two additional tracks to determine the 

variations of spectral shapes.

Factors in Evaluation of Power Spectra

Data analysis may be based on digital or analog tecliniques. In

the analysis of terrain roughness and low frequency data, such as atmospheric

turbulence, it has been customary to use a digital procedure. The extent of

the alterations and the statistical reliability of the spectral estimates

resulting from a digital technique are indicated in reference 10 and considered

in greater detail in reference 11. Three important factors in defining the

accuracy of the spectral estimates are the record length, the reading

interval and the number of estimates, or lags, used in defining the spectrum.

The proper selection of these quantities will reduce the phenomenon known as

"aliasing'* which allows power from one frequency to be transferred to another

frequency; increase the frequency resolution (or conversely reduce the

"smearing" or average effects); or can increase the statistical reliability of

the spectral estimates. Proper evaluation of these effects should be made

prior to data collection in order that a proper experiment is planned (see 
references 10 and 11).
10



RESULTS

Optimum V alue S e le c t io n

The c h o ic e  o f  optimum v a lu e s  o f  tra n s fo rm e r  fre q u e n c y  and damping u sin g  

th e  peak m in. method i s  re a so n a b ly  s tra ig h tfo r w a r d  u s in g  cu rv e s  such as shown 

in  f ig u r e s  b and 5 *  F ig u re  4 shows t h a t  th e  tr a n s fo rm e r  freq u en cy  ^ a lu e  o f  

4 .7  cps m in im izes th e  a c c e l e r a t io n  maximum fu n c tio n  f o r  b o th  c a r  lo c a t i o n s .

(A v a lu e  o f  4 .6 5  cp s was u sed  as optimum b ecau se  i t  was th e  v a lu e  used in  th e  

o p tim iz in g  c y c le  re p r e s e n te d  by f ig u r e s  4 ,  5 and 6) .  F ig u r e  5 shows t h a t  th e  

tr a n s fo rm e r  damping v a lu e  o f  0.18 m inim izes th e  a c c e l e r a t io n  maxim m fu n c tio n  

f o r  b o th  c a r  l o c a t i o n s .  The c h o ic e  o f  an optimum v a lu e  o f  c a r  damping, however 

was not so  s t r a ig h t fo r w a r d . F ig u re  6 shows th a t  th e  a c c e l e r a t io n  maximum 

fu n c t io n  f o r  th e  end o f  th e  c a r  i s  minimum a t  a c a r  damping v a lu e  o f  0. 057> 

w hereas f o r  th e  m id d le o f  th e  c a r  th e  c a r  damping v a lu e  o f  0. I l 4  m inim izes 

th e  a c c e l e r a t io n  maximum fu n c t io n .  C le a r ly ,  no s in g le  v a lu e  o f  c a r  damping 

can  b e  chosen  t h a t  m in im izes th e  a c c e le r a t io n  maximum fu n c t io n  f o r  b o th  c a r  

l o c a t i o n s .  T h e r e f o r e ,a  compromise v a lu e must be ch o sen . Such a compromise 

v a lu e  m ight be ch osen  s e v e r a l  ways. F o r exam ple, i f  p a sse n g e rs  w ere t o  be 

lo c a te d  on ly  n e a r  th e  m iddle o f  th e  c a r ,  and th e  end o f  th e  c a r  used f o r  

b ag g ag e, th e n  a c a r  damping v a lu e  o f  0 .1 l 4  would be b e s t .  On th e  o th e r  hand, 

th e  c h o ic e  o f  a c a r  damping v a lu e  o f  0.06 would r e s u l t  in  ap p ro x im a te ly  th e  

same v a lu e  o f  a c c e l e r a t io n  maximum fu n c tio n  a t  b o th  c a r  l o c a t i o n s .

P a s s e n g e rs  a t  b o th  lo c a t io n s  would th u s r e c e iv e  th e  same maximum a c c e l e r a t io n .

A d e c is io n  on w hich way t o  ch oose th e  compromise v a lu e  o f  c a r  damping was 

f e l t  to  b e  o u ts id e  th e  scop e o f  t h i s  stu d y . F o r  th e  f i n a l  o p tim iz a tio n  c y c le  

o f  t h i s  stud y  t h e  c a r  damping v a lu e  used was nr = O.O85 w hich i s
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ap p ro x im ate ly  midway betw een th e  v a lu e s  m in im isin g  th e  a c c e l e r a t io n  a t  th e  

two c a r  lo c a t i o n s .

T ran sfo rm er B eh av io r

Curves showing th e  a c c e le r a t io n  maximum fu n c tio n  f o r  th e  tra n s fo rm e r

a re  p re se n te d  in  f ig u r e s  k, 5 ,  and 6 t o  i l l u s t r a t e  th e  b e h a v io r  a t  a system

lo c a t io n  t h a t  was n o t in c lu d ed  in  th e  s e l e c t i o n  o f  m in im iz in g  v a lu e s  o f  th e

p a ra m e te rs . A l l  th r e e  f ig u r e s  show t h a t  th e  p aram eter v a lu e s  m inim izin g  c a r

a c c e l e r a t io n s  do n ot m inim ize tra n s fo rm e r  a c c e l e r a t io n s .  F o r exam ple,

f ig u r e  4 shows t h a t  a t  th e  tra n s fo rm e r  freq u en cy  v a lu e  o f  cps th e

o ,
tr a n s fo rm e r  a c c e l e r a t io n  i s  50  /o  above i t s  minimum v a lu e . T h is  shows, as 

co u ld  have been  e x p e c te d , th a t  o p tim iz a tio n  o f  one p a r t  o f  a  system  can 

r e s u l t  in  non—optimum perform ance o f  a n o th e r p a r t  o f  th e  sy stem . In  th e  

d e s ig n  o f  a p r a c t i c a l  system  t h i s  f a c t  should  be ta k e n  in t o  accou n t t o  

en su re  t h a t  a l l  system  components in c lu d in g  th o s e  h av in g  non—optimum p e r fo r 

mance can a d eq u a te ly  p erform  t h e i r  a ss ig n e d  f u n c t io n .

S in e  vs Random In p u t

The peak m in im iz a tio n  method was used t o  o p tim ize  th e  r a i l r o a d  c a r  model 

h av in g  random d isp la ce m en t in p u ts  as w e ll  as s in u s o id a l  in p u t. Curves showing 

th e  v a r ia t io n  o f  peak  s p e c t r a l  d e n s ity  w ith  tr a n s fo rm e r  fre q u e n c y , tra n s fo rm e r  

damping and c a r  damping f o r  th e  f i n a l  i t e r a t i o n  c y c le  w ith  random in p u ts  

w ere s im i la r  in  ap p earance t o  th e  cu rv es shown in  f ig u r e s  b, 5 and 6 f o r  th e  

s in e  in p u t. As an exam ple, f ig u r e  9  shows th e  v a r i a t i o n  o f  peak s p e c t r a l /
d e n s i ty  w ith  c a r  damping f o r  th e  high e s t im a te  random in p u t . Comparison o f  

f ig u r e  6 w ith  f ig u r e  9 shows th e  g e n e r a l s i m i l a r i t y  o f  th e  cu rv es f o r  b o th  

s in e  and random in p u t . In  p a r t i c u l a r ,  th e  p re v io u s d is c u s s io n  co n cern in g  th e



c h o ic e  o f  optimum v a lu e s  o f th e  p a ra m e te rs , and th e  b e h a v io r  o f  th e  t r a n s 

form er a p p lie s  e q u a lly  to  r e s u l t s  f o r  random in p u ts  as w e ll as f o r  s in u s o id a l 

in p u '.

T ie v a lu e  o f tra n s fo rm e r  fre q u e n c y  o b ta in e d  as optimum was th e  same,

t . 6 5  cp> , f o r  b o th  randan in p u ts  as f o r  th e  s in u s o id a l  in r u t .  The optimum

v a lu e  o f  tra n sfo rm e r damping was 0.18 f o r  b o th  th e  s in u s o id a l and th e  h igh

e s t im a te  rn d o m  in p u t, bu t was 0 .2 0  f o r  th e  m iddle e s t im a te  random in p u t.

The sp e c tra _  d e n s ity  maximum fu n c t io n  v a r ie s  by on ly  about 1 ° / o  betw een

th e s e  two v a l  e s  o f  damping. T h e r e fo r e ,  th e  d i f f e r e n c e  i s  n o t co n sid e re d

s i g n i f i c a n t .  Comparison o f  f ig u r e  6  w ith  f ig u r e  9 shows t h a t  th e  v a lu e s  o f

c a r  damping th a t  m inim ize th e  in d iv id u a l a c c e l e r a t io n  maximum fu n c t io n s

( f i g u r e  6 )  a re  d i f f e r e n t  from  th e  v a lu e s  t h a t  m inim ize th e  s p e c t r a l  d e n s ity

maximum f u n c t io n s  ( f ig u r e  9 ) -  The v a lu e s  o f  c a r  damping t h a t  m inim ize th e

in d iv id u a l maximum fu n c tio n s  a re  p re s e n te d  in  T a b le  I  f o r  b o th  random in p u ts

and th e  s in e  in p u t. T ab le  I  shows t h a t  th e  optimum v a lu e s  o f  damping

o b ta in e d  f o r  each  lo c a t io n  w ith  th e  random in p u ts  a re  a t  l e a s t  t l ir e e  tim es  as

la r g e  _s th e  v a lu e s  o b ta in ed  w ith  th e  s in u s o id a l  in p u t. The v a lu e s  o f

damping o b ta in e d  w ith  th e  two random in p u ts  a re  d i f f e r e n t  by a maximum o f  

, o ,
about 40  / o . These la r g e  d i f f e r e n c e s  in  optimum damping v a lu e s  su g g e st

t h a t  when ra ilw a y  roughness i s  e x p e c te d  t o  b e  o f  a random n a tu r e , th en  

o p tim iz a t io n  s tu d ie s  should u se  random in p u ts . In  a d d it io n , th e  observ ed  

v a r i a t i o n  o f  optimum damping betw een th e  two random in p u ts ,  w hich d i f f e r  

p r im a r i ly  in  s p e c t r a l  shape, su g g e sts  t h a t  th e  range o f  s p e c t r a l  shap es t o  be 

e x p e c te d  o f  a c t u a l  r a i l s  should  be d eterm in ed  and used in  o p tim iz a t io n  s t u d ie s .
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Peak Min. vs RMS Methods

The v a r ia t io n  o f  rms a c c e l e r a t io n  a t  th e  th r e e  lo c a t io n s  w ith  t r a n s 

form er damping and freq u en cy  i s  shown in  f ig u r e  10 and th e  v a r ia t io n  w ith  

c a r  damping i s  shown in  f ig u r e  1 1 . F ig u r e  1 0 (a )  shows t h a t  th e  a c c e l e r a t io n  

a t  th e  end o f  th e  c a r  i s  minimum a t f g  = cps w h ile  t h a t  a t  th e  m iddle

o f  th e  c a r  i s  minimum a t f g  = ^ .8 .  The rms a c c e le r a t io n  i s  not v ery  s e n s i

t i v e  t o  v a r ia t io n s  o f  f  . T h e r e fo r e ,  th e  optimum v alu e o f  h.6̂ > cps d eterm in ed  

by th e  peak  m in. method can  be ta k e n  as a good compromise v a lu e . F ig u r e  

1 0 (b )  shows th a t  th e  rms a c c e le r a t io n  on th e  c a r  i s  in s e n s i t iv e  t o  th e  v a lu e  

o f  tr a n s fo rm e r  damping u sed . T h e r e fo r e ,  th e  v a lu e  o f  0 . l 8  d eterm in ed  by th e  

peak m in. method can be u sed . The rms a c c e l e r a t io n  was a ls o  found t o  be 

i n s e n s i t iv e  t o  v a r ia t io n s  o f  tr a n s fo rm e r  freq u en cy  and damping when th e  

m iddle e s t im a te  random in p u t was u sed , so  th e  v a lu e s  o f  f g  = ^.65 cp s and

ng = 0.18 were s u i t a b le  v a lu e s  f o r  b o th  in p u t s p e c tr a  and b o th  o p tim iz a t io n

m ethods.

F ig u r e  11 shows th a t  th e  rms a c c e l e r a t io n  a t  each  lo c a t io n  i s  minimum 

f o r  a d i f f e r e n t  v a lu e  o f  c a r  damping, and i s  s e n s i t i v e  t o  v a r i a t i o n s  o f  c a r  

damping. As p re v io u s ly  d is c u s s e d , c o n s id e r a t io n s  o u ts id e  th e  scop e o f  t h i s  

stu d y  must be u sed  t o  d eterm in e which v a lu e  o f  c a r  damping to  u s e . V a lu es 

o f  c a r  damping (from  f ig u r e  11 and s im i la r  r e s u l t s  f o r  th e  m iddle e s t im a te  

in p u t)  t h a t  m inim ize th e  a c c e le r a t io n  a t  each  c a r  lo c a t io n  a re  p re s e n te d  in  

t a b l e  I I  a lo n g  w ith  th e  optimum c a r  damping r e s u l t s  p re v io u s ly  p re s e n te d  and 

o b ta in e d  w ith  th e  peak m in. method. T a b le  I I  shows t h a t  th e  optimum v a lu e  o f  

c a r  damping f o r  each  lo c a t io n  d eterm in ed  by th e  rms method i s  about h a l f  as 

la r g e  as when d eterm ined  by th e  peak rr.in. m ethod. F ig u re  9 shows t h a t  f o r  

v a lu e s  o f  c a r  damping below th e  optimum f o r  each  lo c a t io n  th e  s p e c t r a l  
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d e n s ity  has a v a lu e  a t  th e  1 cps peak th a t  i s  much la r g e r  th an  th e  v a lu e s  a t  

th e  ^ .5  and 5 *5  cp s p e a k s . The a c c e le r a t io n  resp o n se  i s  th u s c o n c e n tr a te d  

n ear a s in g le  fre q u e n c y . T h e r e fo r e , i f  th e  sm a lle r  v a lu e  o f  damping o b ta in e d

by th e  rms method i s  chosen  t o  m inim ize rms a c c e l e r a t io n ,  th en  th e  re sp o n se

i s  co n c e n tra te d  n e a r  a s in g le  fre q u e n c y . T h is  may b e  u n co m fo rta b le  to  

p a s s e n g e rs . On th e  o th e r  hand, i f  th e  h ig h er  v a lu e  o f  damping i s  ch o se n , t o  

m inim ize th e  peak v a lu e  o f  s p e c t r a l  d e n s ity ,  th en  a h ig h e r  o v e r a l l  rms 

a c c e le r a t io n  r e s u l t s  w ith  th e  resp o n se more ev en ly  sj^read over th e  freq u en cy

ran g e . In  o rd er t o  ch oose an optimum v a lu e  o f damping in  t h i s  s i t u a t i o n ,

th e  e f f e c t  on p a sse n g e r  com fort o f  v a r io u s  a c c e le r a t io n  s p e c t r a l  shapes 

having v a r io u s  rms l e v e l s  needs t o  be known. E x p e rie n c e  w ith  a c o u s t ic  n o is e  

in d ic a t e s  th a t  b o th  o v e r a l l  rms l e v e l  and th e  c o n c e n tr a t io n  o f  energy  n e a r  a 

s in g le  freq u en cy  a re  im p o rta n t.

CONCLUDING REMARKS

The r e s u l t s  o f  t h i s  in v e s t ig a t io n  i l l u s t r a t e  some o f  th e  c o n s id e r a t io n s  

re q u ire d  f o r  th e  u se  o f  m easured random d ata  in  a m a th e m a tica l stu d y  o f  

v ib r a t io n  re sp o n se  m in im iz a tio n . The te ch n iq u e s  a re  i l l u s t r a t e d  h e r e in  by 

d ev e lo p in g  s p e c i f i c  r e s u l t s  f o r  a th r e e -d e g re e -o f-fre e d o m  m a th e m a tica l model 

u s in g  a s im p li f ie d  r e p r e s e n ta t io n  o f  th e  measured in p u t d isp la c e m e n t, 

however th e  te c h n iq u e s  cou ld  be extend ed  t o  apply t o  more com plex s i t u a t i o n s .

The s p e c i f i c  r e s u l t s  o b ta in e d  from  t h i s  study o f  th e  v e r t i c a l  dynam ics 

o f  a th r e e -d e g r e e -o f -f r e e d o m  model o f  a r a i l r o a d  c a r  can be summarized a s  

f o l lo w s .

F o r some c a s e s ,  no s in g le  v a lu e  o f  a p aram eter t o  be o p tim ized  can b e  

chosen th a t  w i l l  m inim ize th e  a c c e le r a t io n  a t  a l l  lo c a t io n s  on th e  m odel. In
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a i ) r a c t i c a l  s i t u a t io n ,  t h e r e f o r e ,  the r e l a t i v e  im p ortance o f  th e  v a r io u s  

lo c a t io n s  must be d eterm ined  and p r e fe r e n c e  g iven  in  th e  o p tim iz a tJ  i p ro c e ss  

t o  th e  more im p ortan t lo c a t io n s .  An o p tim is a tio n  stu d y such  as p re se n te d  

h e r e in  ap p ears to  be v a lu a b le  to  show w hich system  p aram eters  most in f lu e n c e  

th e  a c c e le r a t io n  a t  a p a r t i c u l a r  lo c a t i o n ,  t o  show w hich lo c a t io n s  have 

minimum a c c e le r a t io n s  f o r  th e  same v a lu e  o f  th e  damping o r fre q u e n cy  p ara

m e te r s , and t o  show how s e n s i t i v e  th e  a c c e le r a t io n s  a re  t o  v a r i a t i o n s  o f  th e  

system  p aram e te rs  from  t h e i r  optimum v a lu e s .

The optimum v a lu e  o f  one damping p aram eter o b ta in e d  when th e  system  

in p u t was a random fu n c tio n  was d i f f e r e n t  from  th e  v a lu e  o b ta in e d  w ith  a 

s in u s o id a l in p u t. The optimum v alu e was a ls o  d i f f e r e n t  f o r  each  o f  two 

d i f f e r e n t  s p e c t r a l  shapes o f th e  random in p u t . F o r th e  th r e e  d eg ree  o f  

freedom  system  s tu d ie d  th e  d if f e r e n c e s  were la r g e  and th e  a c c e l e r a t io n s  were 

s e n s i t iv e  t o  v a r ia t io n s  o f  th e  damping p aram eter from  i t s  optimum v a lu e .

T h is  r e s u l t  su g g e sts  th e  im portance o f  a c c u r a te  measurement o f  th e  ch a ra c

t e r i s t i c s  o f  th e  in p u t, in  t h i s  case  th e  r a i l  i r r e g u l a r i t i e s ,  and th e  

im p o rtan ce o f  u s in g  m easured in fo rm a tio n  on th e  in p u t f o r  o p tim iz a tio n  s tu d ie s .

The optimum v a lu es  o f  th e  damping and freq u en cy  p aram eters  o b ta in e d  by 

two d i f f e r e n t  m in im iza tio n  methods (w ith  th e  same in p u t c h a r a c t e r i s t i c s )  

w ere d i f f e r e n t .  T h is  r e s u l t  was tr u e  f o r  b o th  in p u t s p e c t r a  u sed . In  

p a r t i c u l a r ,  when th e  mis a c c e le r a t io n  a t  a g iv en  lo c a t io n  was m inim ized 

th e  a c c e le r a t io n  resp o n se tended to  be c o n c e n tr a te d  n e a r  a s in g le  fre q u e n c y , 

b u t when th e  peak v a lu e  o f  a c c e le r a t io n  s p e c t r a l  d e n s ity  was m inim ized 

(sp re a d in g  th e  resp o n se  more ev en ly  ov er th e  fre q u e n cy  ra n g e) th e  v a lu e  o f  

th e  rms a c c e le r a t io n  was in c re a s e d . In  o rd e r  t o  choose betw een th e  two

16



s i t u a t io n s  a d d it io n a l  in fo rm a tio n  i s  re q u ire d  about th e  r e l a t i v e  im portance 

t o  p a sse n g e r  co m fo rt o f  o v e r a l l  rms a c c e l e r a t io n  le v e l  vs th e  p re se n c e  o f  

a c c e l e r a t io n s  c o n c e n tr a te d  n ear a s in g le  fre q u e n c y .

IT
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APPENDIX A

SYMBOLS

A(t) generalized, coordinate of beam rigid body mode, 
= A^sirwt + A2COSa;t

A(0) acceleration at end of beam

A(L/2) acceleration at center of beam

B(t) generalized coordinate of beam bending mode, 
= Bj_sina>t + B2COSW!:

Cg damping of transformer

damping of beam

El

EI = Jt6El/8L5

beam bending stiffness

g(t) displacement of transformer mass

G acceleration of gravity

kg spring constant of transformer

ks spring constant of beam support

L beam length, 85 ft.

M
p

beam mass, 153j600/G, lbs—sec /ft

Mg transformer mass, 13.000/G, lbs— sec^/ft

n6 transformer damping coefficient, = Cg/2  Mg 0)^

ns beam damping coefficient, = Cs/Mo j s

So amplitudes of applied displacement

S(w) spectral density of applied displacement

t time

w(x,t) beam displacement, = A(t) + B(t) ̂ l-jr(sin itx/L)/2

X distance along beam



J3
2jt

i' =
d j X

fe =
2ir

= 1 -  ir js ln  1 2 .5  * / « > ]  /2

circular frequency of applied displacement

beam bending fre q u e n c y , f ^  = j t S s i / 8ML^ = 5 cp£

transformer frequency, = ^  kg/Mg

beam rigid body frequency, f s = 2ks/M j 2jr = 1 cps
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APPENDIX B

EQUATIONS

The three degrees of freedom assumed for the mathematical model shown 

in figure 2 were rigid body translation of the beam, the first bending mode 

of the beam and the translation of the transformer. The displacement input 

was S0 sin cot at both ends of the beam, so only symmetrical motions were 

excited. The equations of motion for this three degree of freedom mathematical 

model are:

M 0 0
C
A r  1 i2Cg + Cg 1 2Csf+Cg(l - §) , -°g A

0

oH B ) + O O ^
2Csf+Cg d  " |) | 2Csf2+Cg(l - § '

tt|O
J

11—1

<
B

0 0 Mg

r m
i 1 i

-C 1 -C_(l - 2)L g ; 2 |
!
1 cg1 J

g
'v.

+ *g j v y 1 - §>

2k.r*k„(i - 1>! a,r«,(i - +  5g

-kg -V 1 -§>

—k_

- K U - $ ) 1 B 
\

_l v- J

2C|
< 2k?fS SQsinu.t

0
V. J

2C tO
s

of? s cos tot o

0 ^
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These equations were divided by MS( and written in terms of theo 9

matrices M, K and C , the generalized coordinates

fVSo 'j

{“} ■ <  B/S0 )

( ,

and the force vectors
r 2 ^ r  '\

2rV*s
I o

[ ) S2 "!<*S
„

V s O

° 1 o
; i

as:

Mq + Cq + Kq = sinufc + cosuat (Bl)

The steady state part of the solution is then taken as:

q sinwt + q^ COSOJt

where:
|f v C f V S o "

& H
11 Bi/S0 >J q2 H

V S °I
1̂ Si/S0 ̂ 1[e2/s0 J

22
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which when substituted into equation (BX) gives:

— sin^t q-j_ — iô M cos<.t q2 + uC cosut q^ - w C  simt q2

+ K sint/t q^ + K cosut q2 = Sj_ sinr-t + S2 cos'-t

Equating coefficient of sirutft and cosuit leads to the 6 equations of

motion:

I
1 

lw —*:»C
(

H
V.____ r ^

3i

coC K-uvM
<

q2j
-<

u'l>2
- - l  J <

(B2)

The elements of the mass (M), damping (c) and stiffness (k ) matrices in
equation (B2) are:

M n  = 1

*2
M22 = g -  i

= M /M = m
33  g' g

All other M y  are equal to zero.

Ki i  = A  + V e ^

K]l2 = K21 = f«.>2s + (1 - «/2)mgt.62

k 1 3  = k 3 1  = *mg“ g



Koo ~ f ~ur + (l — i.> c + (%\>~/^
t> K.t £>

K23 = K32 -  - (1  -  K / 2 ) . B ^

k33 = me‘V

C11 = 2ns‘*s + £fW 2

C12 = C21 = 2V * Js f  +  2ngu’emg ( 1 “  « / 2 )

C1 5  "  C3 l  "  “ 2 n gG1ga'g

C22 = 2nsto:f + 2n^*Vng(1 “ n/2 ^

c 2 3  = c 3 2  = - 2 “ ^ 8 “ e ^  -  “ / 2 )

CU7 = 2nf/’Vm ‘ 
;>5 B C G

Values of the column vectors q^ and q^ obtained from equations (B2) 

were then used to obtain the acceleration transfer functions from the 

equations:

«\ 1 /2
A-% f i  = L \  + Bx(l - rt/2) ] 2 + [a 2 + Bq C I ~ rt/2)] 2J  w 2/S0G (B3) 

o

=[[ai + bJ  2 + [a2 + B ]2j / u)2/S0G (B4)



t

»1

✓  •

./
/

i . Sf

V
t,

I 1 .1

1 ■

q§-  = (Cl2 + & / )  ^ do)

The spectral density and rms values of the accelerations were round

from:
_ r)

ST , (to) = [a (L/p )/GS ] " S(to)

1 l / 2

(b6)

(by)



TABLE I. - OPTIMUM VALUES OF CAR DAMPING-

Input

Location

Sine High Random Middle
Random

Middle of 
car

(iar damping, n ̂ =

. l ib •55 •51

End of car • 057 fo o .28

Transformer .0^7 • 17 • 25

TABLE II. - OPTIMUM CAR DAMPING FROM TWO METHODS.

\

\

\
\

High Random Input Middle Random Input
v. Optimization 
^\method

Location

Peak-min. RMS Peak—min. RMS

Middle of 
car

Car damping, ns -

• 55 • 175 •51 .25

End of car .2 0 •09 .28 •15

Transformer .17 .1 0
I

•25 .1^

V





w(x)
} A(0) | A ( t )

UNIFORM BEAM 
(RAILROAD CAR)

CAR SUSPENSION

VIBRATING BASE 
(WHEEL MOTIONS)

WEIGHT, lbs 

FREQUENCY, cps 

DAMPING

CAR 

153,600 

1, 5

n , VARIED s

TRANSFORMER

13,000

f , VARIED 
9
n , VARIED 
9

Figure 2.- Railroad car vibration model.
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Figure 3.- Acceleration transfer functions. Sine input, f _ = 4.65 cps,
ng = 0 .1 8 , ns = O.0 8 5 .

f . . . .
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Figure 4.- Variation of peak of acceleration transfer function with 
transformer frequency. Sine input, n = 0.l8, ng s O.085.o
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Figure 5 .- Variation of peak of acceleration transfer function with 
transformer damping. Sine input, f = L .65 cps, n = O.O8 5.o ^
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Figure 6.- Variation of peak of acceleration transfer function with car
damping. S in e  in p u t , f  = 4 .6 5  c p s , n = 0 . l 8 .
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Figure 7 -- Measured spectral density of typical transportation surfaces.



Figure 8.- Spectral density estimates for input to mathematical model.
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Figure 10.- Variation of rms acceleration with transformer frequency and damping. High estimate
input, ng = 0.12.
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Figure 11.- Variation of rms acceleration with car damping.
n = 0 .1 8 .

High estimate input, fg = ^.65 cps,
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