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1.0 INTRODUCTION

As part of the Truck Design Optimization Project (TDOP) the
contractor, Southern Pacific Transportation Company (SP), was required
to develop a mathematical model to be used for predicting truck behavior.
Such a model was developed during the later portions of the Phase I
effort of the program. The model, its description, the nomenclature
used, and the development of the equations of motion were all oriented

toward the computer program which would ultimately solve the equations.

As a part of MITRE/METREK's work for FRA on the TDOP program, METREK
performed a detailed review and evaluation of the SP mathematical model.
This review was judged necessary to provide an independent evaluation
of the model which contained many assumptions and some errors whose

effect was not clear.

This paper documents our review of the contractor's model and
develops the equivalent equations. The Laplace transform variable
"s'" is used throughout instead of the frequency variable "w'", and
certain terms have been omitted from the equations in the interest of

simplicity, following the example of several authors [1], [2], [4], [6].

Otherwise, no attempt has been made to distinguish the model from
the contractor's effort. Of necessity, to avoid the somewhat cumbersome
computer-oriented nomenclature of the contractor's model, the nomen-
clature is different, but the number of degrees of freedom is the same,
the coordinate systems are the same, the degrees of freedom are
identical with the ones chosen by the contractor, and the generalized
coordinates have been chosen to be identical with those chosen by the
contractor, even in instances where another choice might have seemed

preferable.

One distinction between the model described herein and the con-

tractor's model is that this model is completely linear, with velocity-
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dependent damping, whereas the contractor's model is quasi-linear in
that non-linear frictional damping has been approximated by frequency
and amplitude dependent coefficients. It was felt in developing the
equations of motion for the model herein that the relative simplicity
of the completely linear model would outweigh the possible greater
accuracy obtained by the use of a better approximation of damping.
Another distinction is that damping of at least some magnitude has
been assumed in this model for all springs, including structural
stiffnesses, whereas the contractor's model does not assume damping

for all such springs.

Since the model is completely linear, the equations of motion
are developed by means of the Newtonian method, although in several

cases the equations were checked by means of the Lagrangian method.




2.0 MODEL DESCRIPTION

The coordinates are defined as follows:

Translational:

x, parallel to track centerline, positive in direction of
motion of vehicle;

y, perpendicular to track centerline in the horizontal plane,
positive to the right when facing the direction of motion
of the vehicle;

z, positive upwards.

Rotational:

o, pitch angle, positive with front end of vehicle up,
rear end down.

6, roll angle, positive clockwise when facing direction of
motion of vehicle;

Y, yaw angle, positive clockwise looking down on vehicle.

These coordinates are indirectly illustrated in Figures 1,
2, and 3, which show the lumped masses and the springing and damping

between them which constitute the linear model.

The model has a total of thirteen degrees of freedom: three
lateral degrees of freedom for each of two trucks, two lateral degrees
of freedom for the entire carbody as a single mass, and five degrees
of freedom associated with the division of the carbody into two
separate masses in considering roll motions and motions in the
vertical plane. The terminology used for the generalized coordinates
associated with these degrees of freedom is as follows:

wb = absolute yaw angle of bolster

absolute yaw angle of side frame

s
a™ absolute lateral displacement of side frame
wc = absolute yaw angle of entire carbody
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y = absolute lateral displacement of entire carbody

c
ef = roll angle of fore carbody section
ea = roll angle of aft carbody section

ze = absolute vertical displacement of fore carbody section
at centerplate

z_ = absolute vertical displacement of aft carbody section
at centerplate

& = relative pitch angle between fore and aft carbody sections

Note that:
(1) Zg and z, refer to displacements not of the center of gravity
(C.G.) of the section but of the end of the carbody section

directly over the centerplate;

(2) the last three generalized coordinates specify what are
essentially the three following vertical degrees of freedom
for the carbody as a whole: pitch, heave, and first bending

mode.

The appropriate additional subscripts "f" and "a'" will be used for

the first three coordinates above where necessary to distinguish between
the fore and aft trucks. The use of a relative pitch angle for the

final coordinate requires a further definition, as below:

= s
a £ - (1)
where
o = absolute pitch angle of fore carbody section;
s ™ absolute pitch angle of aft carbody section.

It is also assumed implicitly that the side frame position, both
vertically and laterally, and the position of the corresponding wheels

are functionally dependent. In considering lateral motion of the truck,



the wheels and side frames are assumed to be longitudinally in line,

and the dimension "w'" is used for the separation between the two sides.
Thus, the yaw angle of the side frame is the difference between the
lateral displacements of the fore and aft wheels divided by the

distance between them. In considering vertical motion of the truck,

the wheels are considered to be longitudinally in line with the vertical
spring groups acting in the bolster, and the dimension "b" is used for
the lateral separation betﬁeen these spring groups. The vertical
position of the bottom of these spring groups acting on the bolster

is assumed to be the average of the vertical displacements of the

wheels on that side.

In this‘linear model it is also assumed that the wheel does not
leave the rail; i.e., there is no wheel hop. Thus, the forces at the
wheel-rail interface and the geometry of the interface are continuous
functions of time, and both the forces at the interface and the lateral
and vertical positions of the wheels can be formulated to supply

continuous forcing functions for the model.

A word of discussion about each illustration will clarify aspects
of the model which might otherwise not be evident. The truck model is
constrained by what can be considered pinned joints at the six junctures
so that the bolster and the two wheel-axle assemblies always move in
parallel; likewise the two side frames. The four jointé at the corners
are assumed to be ideal frictionless joints, which transmit no moments,
only forces along the longitudinal axes of symmetry of the particular
masses. In contrast, the joints at the junctions of the bolster and
side frames are constrained by torsional springing and damping. In
addition, the bolster may move laterally between these support points,
in which motion it is locked to the carbody section above it, so that
.lateral motion of the end of the carbody is identical with lateral
motion of the bolster. However, the bolster may move in yaw with
respect to this same carbody, although it is constrained by torsional

springing and damping acting between these bodies.
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The effect of the assumed geometry and mechanical constraints is
that in considering the yaw mode of the side frame a term must be
introduced to account for the inertial moment of the wheel-axle
assembly; correspondingly, in considering the yaw mode of the bolster,
a term must be introduced to account for the inertial moment of the
side frames. Also, in the lateral mode of side frame motion the masses
of the wheel-axle assemblies must be added to the mass of the side

frames.

It should also be noted that in this truck model complete mechanical
and geometrical symmetry is assumed; the side frames are identical, and
the wheel-axle assemblies are identical, in dimensions, mass, and
moments of inertia. If such symmetry is not assumed, additional terms,
which effectively couple the yaw and lateral modes of side frame motion,
must be introduced. Furthermore, it is also assumed in the overall
model that identical trucks are used on each end of the carbody.
However, in the development of the equations, provision is made for
different spring groups and damping coefficients in the fore and aft
carbody sections and on the left and right sides of the bolsters.

Such differences will effectively couple the vertical and roll modes

and the lateral and yaw modes.

The second figure illustrates that the model permits each section
of the carbody to roll independently, with the constraint of torsional
springing and damping between them. The roll constraint is supplied by
the spring groups and effective dashpots at each end of the bolster.
The lateral springing and damping shown is the same as that shown
between the bolster and side frames on the previous illustration.

Note that although the carbody is split in two as far as roll is
concerned, in the yaw mode and lateral mode the carbody is considered

as a single unit.



The third figure illustrates what are effectively the pitch,
heave, and first bending modes for the carbody in the vertical plane.
In view of the decision to model the first bending mode in such a fashion,
the choice by the contractor of the three generalized coordinates seemed
appropriate, and MITRE followed his choice. The z, through zg are the
vertical positions of the wheels on the right side, and vertical forces
are introduced into the carbody through the vertical springing and
damping between the bolster and side frame, the position of the center

of the side frame being the average of the corresponding wheel positions.

Note that the three generalized coordinates completely define the
geometry of the bodies with respect to the three degrees of freedom
permitted, although other choices could have been made for the coordinates.
Effectively the two carbody sections are constrained at the center so
that relative vertical motion between them at that point is not permitted,
although relative angular motion, as defined by the angle o, is
permitted. Also note that while the generalized coordinate corresponding
to vertical displacement is measured over the centerplate, which lies
over the springs shown in the figure, the C.G. of the section lies
somewhere between the centerplate and the center of the entire carbody.
Its distance from the centerplate is designated by X.a and X g and

these two parameters may be different.
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3.0 DERIVATION OF THE EQUATIONS OF MOTION
3.1 Truck Equations

The equations of motion for the truck will be derived first. These
will be developed for a single truck, and subsequently appropriate sub-
scripts for "fore" and "aft" trucks will be incorporated into the general

equations.

In this truck model as shown, there are inherently four degrees
of freedom: lateral motion of the side frames and bolster, and yaw
motion of the side frames and bolster; and the equations of motion
will be developed in a corresponding fashion. However, it is recog-
nized that the constraint that the bolster is locked to the carbody
in the lateral mode has been assumed. This will require that what
is referred to in the development of the truck equations as the
lateral displacement of the bolster is actually the lateral displace-
ment of the carbody as well, and such an accommodation will be made
at a later stage in the development of the equations. Figure 4

illustrates the two possible yaw modes.

Consider first the simplest mass, the bolster, and let the following

forces be defined:

lateral force on bolster from carbody;

Fl lateral force on bolster due to springing and

damping at left side;

&)
]

2 lateral force on bolster due to springing and
damping at right side.
All forces are positive in the direction shown on the free body
diagram, Figure 5.
Then, assuming zero initial conditions to permit immediate use of
Laplace transformed equations, summation of the forces acting on the

bolster results in
2
Fl + FC - F2 = mgs yg (2)

11
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But by definition,

Py - (Cls + Kl) (yl - y5) (3a)

F, = (Czs - K2) (y5 e (3b)

2

Substitution of these expressions into (2) above results in:
F. .+ (Cjs + Kl)y1 + (C,s + Ky, = (4)

[m5

2

s” + (Cp + Cys + (K] +K)lyg
Now it can be seen from the geometry of the configuration that for small
deflections Y1 must equal Yy Furthermore, let it be assumed that the

lateral springing and damping on each side are identical, so that

Cy

A
C2 and CQ =C, +C (4a)
and
K

I
~

K, and K, Bg +K (4b)

k 2

Then calling the lateral motion of the side frames Yo and using the

combined springing and damping coefficients K, and C (4) becomes

2’

2
s° +C s + KQ)YS (5)

FC + (CQS + Kz)yS = (m5 .

Consider now the summation of lateral forces acting on the side
frames. It must be noted that what we choose to call external forces
act only on the wheel-axle assemblies at the wheel-rail interface and
do not act directly on the side frame. However, at each wheel-rail
interface, a lateral and a longitudinal external force and an external
moment are introduced; the moment, however, has been shown to have a
negligible effect on truck dynamics [6] and will be neglected in this

model.

Thus, referring to the free body diagram for the left side frame
with Fl in an equal and opposite sense to its previous application,
we may write:

14




2
B T WIS ¥y (6)
Similarly for the right side frame
2
F, + F, + Fg = mys’y, (7)

Note that although moments and longitudinal forces act on the wheel-axle
assemblies in addition to lateral forces, only the lateral forces are

. transmitted to the side frames in a fashion to give lateral accelerations
to the side frame masses. Moments and longitudinal forces applied to the
wheel-axle assemblies both react in the side frame as longitudinal

forces. Then for the fore wheel-axle assembly we may write:

_ 2
F5 + F9 - F6 - FlO = mysY, (8)
and similarly for the aft assembly:
2
Ry tolgy = Fg =Ty = mm 7, (9)
where F9, FlO’ Fll’ and F12 are the lateral external forces applied to

the wheel-axle assemblies at the wheel-rail interface.

Now it has been noted that

y (10)

N

v (11)

- el S Rk

N

1 (12)

I e R s

Therefore we have, adding (6) and (7), rearranging, and substituting
(3a), (3b), (10), (11), and (12) into the sum of (8) and (9), after

some algebraic manipulation:
2 2
F9 - FlO + Fll - Fl2 = {[(ml + m2) + (m3 + mé)]s +
(Cl -+ C2)s + (Kl + KZ)}ys (13)

—[(cl + C2)s + (Kl + Kz)]y5
2

a
- (m3 - m4) 7 S ws

15




If as before we assume the lateral spring and dashpot constants are

equal, we may write:
. . )
F9 —-FlO + Fll F12 = [(ml + m, + m, + m4)s + CQS + Kz]ys (14)

a 2
- (Czs + K'Q)y5 + (m3 - m4) 7 s ws

Note that the masses of the side frames and wheel-axle assemblies add
directly in the first term on the right, but that in the last term
it is the difference of the masses of the wheel-axle assemblies which

is significant.

If the masses are symmetrically identical, and we define
m 4 m, +m, +m, + m (15)

we obtain .
- 2
F9 - FlO + Fll - F12 = (mss + Cls + Kz)yS - (Cls + KQ)YS (16)

as the equation for lateral motion of the side frames.

Consider now the summation of moments acting on the side frame. The
same free body diagrams are used, and recall from pége 8 that no moments
are transferred to the side frames through the frictionless pinned joints
between the side frames and the wheel-axle assemblies (although at the
juncture of the side frames and bolster restraining springing and damping
have been assumed, resulting in a moment there which must be considered).

Longitudinal forces transmitted through these same pinned joints do not

contribute to yaw of the side frames, since small angular deflections

have been assumed, and the moment arm is a differential quantity.

Thus, returning to the free body diagram of the left side frame

we may write:

a _ 2
M+ (Fy - FQ) 5= JysTy, 17)

where Ml is the restraining moment between bolster and side frame.

(It is seen from the assumed geometry that the yaw angle of both side

16



frames is constrained to be the same; however, at this point, the
moments of inertia have not been assumed to be the same).
Similarly for the right side frame:

a _ 2 :
M, + (Fg = Fg)o = J,s°y, (1)

Note that no moment is contributed in either case by Fl or F2 which act |
at the presumed center of gravity of the masses. Also note that while

there are moments applied to the wheel-axle assemblies at the wheel-rail
interface they do not contribute to the lateral motion of, or forces on,

the wheel-axle assemblies.

After some algebraic manipulation, and using equations (8) and (9),
(11) and (12) and (17) and (18) become, upon addition:

2. 2

a _ a_
Ml + M2 + (Fg - FlO - Fll + FlZ) 2 = [(Jl + J2) + (m3 + m4) % 1ls ws

2

sy, (19)

(S

+ Cm3 - ma)

Define
C3 = coefficient of linear torsional damping between bolster
and side frame (left side)
K3 = spring constant of linear torsional spring between
bolster and side frame (left side)
C4 = game as C3, only for right side

= same as K3, only for left side.

H
B
B
=
]

M, = (Chs + Kp) (b = ¥) (21)

where wb = yaw angle of bolster.
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With again the assumption of mass symmetry between the wheel-axle

assemblies, so that the : coupling term drops out, and defining

2
A 8
J ORI 4T, + (g ) S (22)
c, fc.+c (23)
Nk e
Sk, +K (24)
o P

the equation for yaw motion of the side frames becomes:

a _ 2
(Fg - Fyg = Fyq +F 5= 8" +Cs+K)y - (Cs+K) Y (25)

10 11 12)
The last truck equation relates to the yaw of the bolster.
Moments are contributed at the carbody-bolster interface and at the.
side frame interfaces. Longitudinal forces also act on the bolster
at the ends. Lateral forces acting at those points, because the yaw
angle of the bolster is a small quantity, are considered to contribute

only a negligible moment and are not considered further.

Defining moments and forces positive as shown, and summing
moments, we obtain
M W =M #F =P %= e (26)
o3 1 2 3 47 2 57 b

Proceeding to the free body diagram of the left side frame, we obtain,

after summation of longitudinal forces:

F -F, -F =m szx

39 =~ Ty " ¥y mye x, (27)

The moments on the side frames have already been considered. Similarly

for the right side frame:

18




on - F4 - F18 = m,8"X, (28)

Consideration of yaw of the fore wheel-axle assembly leads to:

W—

2
(F17 -F ., - F18 + Fl4) 0 J3S wb (29)

13
since by the geometric constraint assumed the yaw angle of the wheel-axle

assemblies is the same as that of the bolster, and for the aft assembly

W _ 2
(Fi5 = Frg = Fig ¥ Fyp) 3= J487 0 (30
. A _
Define Mc = (Ccs + Kb) (wc wb) (31)
: and recall that
M, = (035 + K,) (W = W) (20)
M, = (C4s + K4) (wb - ws) . (21)
Now from (27) and (28)
_ R _ 2
F3 = F19 F17 m %, (32)
= 2
F4 = F,5 = Fig - m,sx, (33)

Substituting into (26), we obtain:

(€3 +K) W, = 9,) = (g5 +K) (b - v)

w w__ w2

(C4S+K4) (lpb IPS)+F192 —Fl72 mlzsxl (34)
| -F. Y, p ¥, Eszx —J52
| 202 T Fig T Wy 5 8 Xy =I5 vy
| .
|
e From geometry,
TRk A | (352)

x, = - §-¢b | (35b)

19



and recalling (29) and (30) and making the appropriate substitutioms,

after some algebraic manipulations equation (34) becomes
W ' w2 2
(Fys - Fl6+Fl4—Fl3)-2—={[J3+J4+J5+ (m; +m,) 7 | s+

(Cb + Cc)s + (Kb + KC)} pr

—(Cbs+1<,b)gl;s
- (ccs + Kc) wc (36)
If we define '
3 R 43, 40+ (m + )ﬁ 37
b V37 Y4 T 5T W TG | (37)

the final equation for the yaw of the bolster becomes:

_ 2
(F15 - F16 + Fl4 - F13) 5 = Jbs + (cb + Cc)s + (Kb+ KC) ¥

g

b

- (s + KD ¥ - € +K) v, - (38)

3.2 Body Equations

It should be recalled that the model presumes that the bolster is
locked. to the carbody laterally, so that the lateral displacement of
the bolster is identical with the lateral displacement of the .
corresponding end of the carbody. While Yg was used in the derivation
of the truck equations to designate the bolster lateral displacement, in
this portion of the derivation'the corresponding lateral displacements
of the ends of the carbody at the bolster level where the lateral
spring forces are presumed to act will be determined from the
lateral displacement and yaw angle of the carbody as a whole and the
roll ahgle of the corresponding fore or aft body sections. Later, the
bolster displacement Vs will be dropped from the truck equations and
the corresponding lateral displacements of the ends of the carbody as
discussed above will be substituted in the\formulation of the final

equations.

20
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—as

some of the coordinates and variables. In this connection, note that z

The model also provides for spring groups with different vertical
spring constants and different equivalent vertical damping coefficients
in each side of the bolster. These are introduced into the equations

as the sum and difference of the values on each side.

3.2.1 Roll Moments Equations

Figures 6 and 7 illustrate the geometry of the carbody sections and
f
represents the vertical displacement of the carbody end directly above
the centerplate and not at the C.G. of the section; in this respect,

the end of the dérBody beyond the centerplate is effectively ignored.
Another variable, Z. g used in the derivations, refers to the vertical
displacement at the C.G. of the section.

The distinction between Xe and xcf and between X and xéa'should

be noted, particularly as there is a constraint among these terms and

their values cannot be independently designated. The terms with the

single subscript,‘xf and X s refer to the distances from the centerplates

to the C.G. of the entire carbody, and their total is equal to the
separation between centerplates. The terms with the double subscript
refer to the distance from the centerplate to the C.G. of the fore and
aft sections. The distances are related to each other and to the

masses of the individual carbody sections by the following constraint:

Be (xf N ch) Ty (xa - xca)
Note also that while the wheel vertical positions form the
vertical inputs to this model, the lateral position of the center
of the side frame forms the lateral input; this!positioﬁ is derived

from the lateral forces acting on the wheel and the lateral wheel

positions.
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The convention for numerical subscripts for the vertical inputs
at the wheels will be that adopted by the contractof, namely, looking

down from the top, with the direction of motion toward the top of

the page:

N U wo
o o M~ N

Consider first the roll moments on the fore carbody section.
The model provides for different vertical spring groups on each

side. Let

K . = spring constant of springs on odd-numbered
of - . X .
(left) side

K . = spring constant of springs on even-numbered -
-ef . . o :
-+ (right) side :

, Cof’ Cef_= correspondlng,damplng terms

for the fore carbody section. Note that throughout the remaining

development, appropriate "fore" and "aft'" subscripts must be used.
PP P

Then define the sum and difference of these spring comnstants

" for convenience.

st = Kef + Kog - | - (39a)
Csf % Cef + Cof ' ' (39b)
de B Kef‘_ Kof | ‘ (402)
Cae = Cor ™ Cot o (40b)

Also assume for the moment two fictitious forces acting on

the carbody section at the top of the bolster springs, F21 and F22,

as shown.
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The positive roll moment will be

b
(le - Fzz) 2

Defining some intermediate displacement variables X ¢ and X g as
the vertical displacements of the corners of the carbody and z ¢ and
z as the vertical displacements of the bottom of the spring set on

of
the corresponding corners, we may say

P = (C, s+K)(z - ) (41)
and
Fo1 = (Cofs + Kof)(zo'f - Xof) (“42)
But* |
Zof - fl—g_ig (43)
o * 2t (@

/ b _ b \ 2. + z
F.. -7 |2=2 1t % |
<21 22> 272 [ (C g8 + K_.) ( — - xof)

_ z, + z
(Cogs + Ko (—2—2——5 - xef)} (45)

*Note that these relationships are only approximately true because of
the difference between b and w. However, since the ratio b/w is very
nearly unity, the advantages in simplifying the expressions gained
by ignoring the distinction seemed to outweigh the slightly greater
accuracy obtainable by considering it.
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For convenience, the following terms are defined:

ef = For 7 ¥ef roll of fore carbody section (46)
b
*of " Xof
Ry W AT vertical displacement of end of 47)
fore carbody section over
centerplate
21 + zg z, + z4
BF = 75 —_ 55 roll angle of an equivalent (48)
single axle, fore carbody
section
z.g = %1 i %2 4 Z3 o 24 average vertical input* (49)

The variables in the initial equation (45) can be put into terms of

these by means of some intermediate expressions, namely

K. =K C -C

_ _sf df _ _sf df
K,=—25<t andc =25 (50)
K . +K c c
T T St + Car
Kef == and Cef . (51)
- b
Xepg “ 2~ 2 % (52)
X o wey, bR (53)
of " 2%t 7 %

After some algebraic manipulation, the roll moment attributable to

vertical inputs can be shown to be (after adding the damping term):

b2 tg = Eop
e [ (Cgg 8+ Kyp) (Bp = 0g) + (Cyp 8 + Kyp) —p75—— (54)

*
Refer to footnote on previous page.
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There is also a roll moment attributable to horizontal motions,

since the reacting forces are below the carbody C.G.. This is merely

the moment armAh as shown on View A-A in Figure 6, times the force

induced by the deflection of the effective lateral springs, which is

the algebraic sum of the roll motion and yaw motion reflected to that
position and the lateral motions of the side frames and carbody as a
whole. This can be shown to be, with the addition of an effective damping

term:
(le s + Klf) h [:yc + X wc = Ve -~ h ef] (55)

where the term in brackets is actually the lateral deflection of the
bolster, which moves laterally in conjunction with the lower end of

the carbody. There is an additional moment introduced by the torsional
rigidity between the two carbody sections and the difference in roll

angle. With some damping assumed, this is simply

(Cr s + Kr) (ea - Gf)

The roll moment due to the displacement of the C.G. of the carbody
section from the longitudinal axis of the track when the carbody as a

whole yaws will be neglected.

The entire roll moment equation for the fore carbody section can

then be written:

J_s B

(Cr s + Kr) (ea -0 +

f)
(sz~s + Kzf) h (yc + Xe wc ~ Vg h ef) +

b2 Zg = zwf]
> I:(Csf s+ K ) (O = 0 + (Cgp 5 + Kyp) —or (56)

A similar equation may be developed for the aft carbody section

utilizing F23 and F24 as the corresponding forces acting on the aft
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- carbody section at the top of the vertical springs. Figure 7 illustrates

these forces and other variables for this section. The sign convention
for the positive direction of roll angle remains the same as for the
fore section. Appropriate subscripts for certain variables, such as
the side frame deflection, must be introduced to distinguish fore from
aft. The equatioh will simply be stated without derivation when the

final equations are assembled.

3.2.2 lLateral Forces Equation

Consider now the lateral forces on the carboﬂy. The lateral
force previously calculated fordthe roll moment equation will also
act to produce lateral accelerations of the carbody. 1In addition
the model considers the component of drawbar forces acting to

produce lateral acceleration or yaw of the carbody.

From Figurel8, the lateral forces acting perpendicular to the
vehicle axis are F1 and F2 in the direction shown. All angles will
be assumed to be small and the forces of interest will be assumed

to be those perpendicular to the longitudinal (x) axis.

25 = Df sin ¢1 g : (57)

Now F =
F26 = Da sin ¢2 (58)
From the law of sines:
d = c
s1n¢c 31n¢2 » (59)
whence for small angles
| _ <
¢2 - d.wc ' , (60)
Similarly
x X,. - ¢C
= “da df
¢ - v, 61)
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y
Since ;;——Ji——— = sin wc = wc for small angles (62)

*da ¢

by substituting into (57) and (58) we obtain

X y

1 r c q

and - v
¢, =_day -‘c (64)

2 3 ¢ 3

In turn,
= [% y 5
Fos ———gf v+ d—°> D¢ (65)
X y ’

- | _da - £

F26 B < d 1pc d‘> Da (66)

By consideration of the roll moment equation and corresponding figure,

we can write, by inspection:

F27 = (szs + Kgf) (- Yo = % WC + hef + ysf) (67)

and F28 = (Ckas + Kza) (- Yo + x, Wc + hea + ysa) (68)
The equation for lateral forces on the carbody is then:

msy =-F,_+F _ +F

S Ve 25 T Fog + Foy + Fog (69)

which becomes upon substitution:

2
m.s'y, = (szs + Kzf) (- Y. T %¢ wc + hef + ysf) +

(Clas + Kla) (- Yo + X, Wc + hea + ysa) (70)

x y X
af e aa , _Ye
'<d ‘bc+d>fo<d"’c d>Da

g
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3.3.3 Yaw Moments Equation

As with the summation of lateral forces on the carbody, the
summation of yaw moments may be written almost by inspection. As in

lateral motion, the carbody when yawing moves as a single body.

The yaw equation in its initial form consists of terms contributed
by the lateral spring forces, the forces between the bolster and the
carbody contributed by the torsional restraints, and the components

of drawbar forces. The initiai form becomes:

2 _ .
T8 Vo = FogXp ~ FogXy = FoeXae = Fog¥yy

+ (Ccfs'+ ch) (wa - wc) - (71)

+ (Ccas + Kca) (wba B Ipc)

llaH

where the additional subscripts "f" and on the springing and
damping terms and on the bolster yaw angle have been added to distinguish

"fore" and "aft" terms.

Now using (65) and (66) for F25 and F26’ and (67) and (68) for

F27 and F28’ with substitution the yaw equation becomes:

2 _ : .
JcS wc B xf (szs + KQf) ( Ie Xg 1pc + hef + ysf) -

*a (Ckés + Kla) (_yc tx v T hRe, ysa)
+ (C s+ K o) (be-v)

[

+ (Ccas + Kca) @%a “v)

d
X y
da C
- %y (_——d v, -3 ) D, (72)



3.2,4 ©Pitch Moments Equations

The equations for the pitch moments of the two carbody sections

may be simply stated by inspection of Figures 9 and 10.

Taking moments about the right end of the fore cafbody and about
the left end of the aft carbody, where the vertical displacements

z_. and z, are being measured, and taking consideration of

f ] v
inertial forces and translated inertias, reéuits in:

: 2 2
Fs,2 - M1 + mfxcfs z

2
(Jf + mfxcfz)s o £ (73)

I
e |

2 L, 2
(Ja + maxcaz)s a, = §-+ M1 - maxcas z o (748)

s

where the shear force FS and the bending moment M ‘are_sfill unknowns.

, 1
In addition, the relations:

o = af - o, 4 | (75)
z z
. _f_la_ o :
af = ) Z + 7 B (76)
z, =z ; :
a, - £ _Ta_‘o
a T 7 5 _ 77)

will be utilized to eliminate the intermediate variablés-af and aa.

The bending moment must be determined as a function of a@. The
carbody will be modeled as a simply supported beam as shown in.
Figure 11 with the mass of the car lumped at the center. This is only
a rough approximation as the mass is clearly distributed in an irregular
fashion depending upon the carbody type and the manner in which the
load is distributed. However, this approximation is regarded as no
less accurate than others used in this derivation. Another approxima-

tion will be use of the slope of the beam at the ends to represent the
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*The moment Ml at the center is clearly g-.

angle the beam sections are bent through. With this assumption, the
center angle & is clearly twice the slope of the ends, which from

standard formulas is given by

a -
T = 168 (78)

L e s
7" Elimination of P
between these expressions permits the bending moment to be written in

terms of the angle of deflection:

: _ % B8Ela _ 2Elca ‘

Since the ‘final equation will be written in terms of the variable o,
and since we wish to assume some structural damping, however slight,
define ‘ o '

2EL

fa T S

‘ and,Ca the corresponding damping coeffiéient, so that in terms of the

variable of interest, Ml becomes

(Cas + Ka)a " (79¢)

An expression for the shear force Fs must be determined. Defining
F21 and F22 as the vertical forces at the top of the bolster springs at

the fore end and summing the vertical forces on the fore carbody, we

obtain:
_ 2
Fop ¥ Fyp ~Fg=mes 2z 4 (80)
But Zof T %f — Xef Cxf (81)
Therefore
9 .
F21 + F22 - FS = msTze - X MS (e (82)



and F = F21 + F -m

< 29 szz + x msza' (83)

i cf f £

Now from previous development of .the roll moment equation F21 + F22 _

can be shown to be, in terms of some previously defined variables:
F.,+F..,=K . (z .-2z.)+K h-(e -le ) . : (84)
VA 22 Tsf “wf £/ 7 7df 2 Mf o

But af is given by
: zZ

Z
__f__a_ o
A=~ 2t (76)

and substituting in (83) yields:

o L
Fs = Ko (7yp = 2¢) * Kygg 500 — 0P

s,
1 x X .m A
; cf 2 <eff 2 i .
,_[1_ R’_J‘mfs Zg = % s7z . - (85) .
X £OF ‘sza

Similarly, an expression for the shear force Fs may be developed

from the summation of vertical forces on the.aft carbody:

L f Fp, + B o=msz , (86)
But o .

z =z +x o (87)

ca a ca a : :
Therefore - F..+F., +F =n s2 + m ; 2 (88)

' ' . 23 24 s ca® Za atca® %a ‘

and - ' F =n szz +m x szot- -F,,-F (89)
n ’ s a  “a a“ca a 23 24 *

Again from the previous development of the roll moment equation,
F23 and F24 can be shown, in terms of some previously defined variables,

to be:
: 37



- b
Foz3 + Fyy = Kga [zwa - za] + Kia 2 [ea - eA:l (90)
a, =~-2-2 77)

m

x =
_ ca 2 _a 2 2 o
FS_— [1 - ]mas z, + 2 X, .8 2 “MX 8
-K  (z —z')—K.h(G—G)H (91)
sa - wa a da 2 “"a A '

Substitution of the above expressions (85) and (91) for Fs’

equations (76) and (77) for Otf and aa, and the expression for Ml

into (73) and (74) will yield final equations for the pitch of each

carBody section. These are, with the addition of appropriate damping

terms:

For the fore carbody section,

, . N , .
Je P meRer XDy . me ], L2 (c i
) 2 2 |8 2 \sfs sf) zg

(92)
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and for the aft carbody section,

{J +mx2 m x } 2
- a ca s z
2 f

2
J-*-mxa —3n:laxca+ _J_Llu_a:\sz+&(c s + K )} z
—y 2 2 sa sa a
- J + X 2 - X m 2
a @ Ma%ca ca a s“+Cs+K ¢
2 4 a a
2b _ % _ 2
+ 4 Kda ea A Kda eA 2Ksazwa (93>

3.2.5 Vertical Forces Equation

The vertical forces on the entire carbody may be summed next.
The only external forces acting on the carbody are those four shown

in Figure 12. The fundamental equation becomes:

mfszch + maszzca =Pyt Fyp T Fy3tFy, (94)
Recalling that
Zof T Pg T O %o (81)
2=z, t 0 x (87)

and inserting for F21 + F22 and F23 + F24 the values previously derived,

we obtain:
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Cdfs + de) (GA + GF)

(95)

This completes the initial stages of all the equations of motion

from the model."
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4.0 RECAPITULATION OF EQUATIONS

The thirteen degrees of freedom require thirteen corresponding
equations for complete formulation of the dynamic system. The truck
equations developed in Section 2 must be rewritten for the fore and
aft case. In addition, at this time, explicit recognition will be
given to the equivalence of bolster lateral displacement and lateral
displacement of the underside of the carbody at which point the lateral
spring forces are assumed to act. This means simply that Equation 5
will be dropped in its entirety, the mass and moment of inertia of
the carbody in the roll, yaw, and lateral motion equations will
appropriately reflect the addition of the bolster mass, and in the

truck equations the appropriate expression for displacement will

replace Vs

The corresponding thirteen output variables are:

Ysa’ Ysf
Vsa> Vst
Yba® Vbt
ea, ef
Ve

Ve

Z,s Zg¢
a

With these considerations in mind, the thirteen equations can be
simply stated, starting with the six equations from the fore and aft
trucks, assuming as noted previously that the masses and moments of
inertias of the truck components are identical between front and rear
trucks. After some rearrangement to separate variables and place the

forcing functions on the right, the equations are:
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2
(mss + les + Kzf) b (les B Kgf) - 4 (96)

- (szs + Kzf) xf¢c + (les =15 K&f) hef = Fgf i + F - F

10f i F15 5 12f

2
Gmss +C s+ Kla) P (Czas + Kla) ¥ (97)

+ (szs -+ Kzf) xawc -+ (Clas 4 Kla) hea =

(Jss

(Jss

2
[Jbs

2
[Jbs

=

Bos ™ Tuta ¥ T11a = Frva

Coes + Kpg) Ygp = (Cpgs + Kg) Yy (98)
=2 (F,. - F F...+F _.)
2 Yor ~Fige™ Fiie ¥ o
CbaS = Kba) lPsa - (Cbas ¥ Kba) lpba (99)
=2 (@, -F_  -F.__ +F, )
2 9a 10a 1l1la 12a
(Cog + Cog) 8+ (g + ch)] VYpe = (Cpes + Kpp) Vgp - tka)
_w _ K
(Cogs + Kog) Vo =7 Frse ~ Froe * Frae ~ Fi3g)
(Cba - Cca) e (K-ba * Kca)] ll}ba Y (Cbas + Kba) wsa - (101)
w
(Ccas d Kca) wc ) (FlSa = F16a + F14a - F13a)
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JS2

£ b = (Crs + Kr) (ea - ef) + ‘ (56)

(les + K,Q,f) h (yc +,xf wc = Vaf h ef) +

2 . zZ. - Z
b £ 7 Zuf
4 [(Csfs + Kog) (Op = 8g) + (Cyps + de)< 572 >]

2 = -
Jas Ga = (Crs + Kr) (ef ea) + (102)

-ho)+

(Cf,as + KJLa) h (yc - xa 11'Jc - ysa

b—2(c +K ) (6, -08)+(C,s+K (fa—i>
4 sa® sa A a da® da) b/2

2

m sy, ='(C2fs+K£f) (-v - Xg lpc+h 6f+ysf) + (70)

c

(CIZ,aS + K,Qa) ( - Y. + X l,bc + h ea + ysa)

p:4 X y
df da c
_<d lpc+ >Df+<d lpc“d>Da
2

Jcs wc = X (les + Kzf) ( - Y. © X "bc + h ef + ysf) - (72)

m|\<:
Q

xa (Clas + K,Qa) ( - Y. + X, wc + h ea + ysa)

+ (Ccfs + ch) (wa' - ll}c) + (Ccas + Kca) (wba - 1‘bc)'

X v x y
- X df ¢ + ‘e D. - x da ¢y -"e
df<d ¢ d> £ da<d ¢ d>Da

i



The fore pitch equation is (with damping):

2 )
Tt meX e | 33X eme ’me] s + 3 (c 5+ K )} z (92)
Iy > 5 5 s sf £
J. + X 2 m_.X 2
_ [ f S fecf 8 X
) 2 a
J. + 2 2x 2 ‘ :
+4 58 T B - MXof™s s+Cs+K}a
3 i a a
B _ B 2
- % Xar % 7 Rar Or 7 Kerur
The aft pitch equation is:
Ja + M2 ¥ca __maxca szzf (93)
2 2
_ Ja + moX_ _ 3maxca +-£ma Sz*; 3 c . x
| - L 2 - 2 2\ "sa sa Za
Ja + mx lxcam 2
- < - 2ls“+cs+x ¢
‘ 2 4 a
b _ b C_ 2
* % Kaa % = % K a3 Ksa Zva
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The vertical force equation becomes:

X m x 2
_{[mf (l— if) + azca] s +Csfs+KSf} Ze (95)

2 .
+ [? 1 - xca) + mfxcf:] s + CsaS + Ksa } za
a ) )

. mx .+ mx 2 b
_[fcf2 aca] s a - (Cde+de) 2 4ef

- (CdaS + Kda) -%-ea = (Cst + st) Zuf + (CsaS + Ksa) Zwa ~
(Cdfs + de)(eA + 6F>

It may be noted that the input and output variables have not been
completely separated in these forces of the equations. This has not
been done because certain terms which appear to be separate input
terms implicity include the output variables. Examples of ‘such terms
are the F- through F

9
(96) through (101) which are actually complicated functions of the wheel

16 lateral and longitudinal forces shown in Equatiomns

position itself and other variables. The equations relating such input
terms to the output variables are developed at some length in the
contractor's document describing the model, and although these relation-
ships are essential for a utilization of the equations developed herein,
it was not the intent of this report to establish an independent
mathematical model separate from the contractor's. TFor this reason, the
reader is referred to Reference [7] for additional information regarding
the input functions and their implicit relationships to some of the

output variables.
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5.0 SUMMARY
MITRE/METREK has taken the contractor's model of the truck and
carbody and, following a development similar to the contractor's,
has developed equations of motion, utilizing clearer illustrations
and simpler, less computer-oriented, terminology. This report documents

the effort for future reference.

The reader is referred to the contractor's documents for addi-
tional mathematical development of the forcing functions necessary to
completely describe the mathematical model to be used for predicting

truck behavior.
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GLOSSARY OF TERMS

In cases where terms have two subscripts, the first refers to
function and the second to its position, either "f" for fore carbody
section, or "a'" for aft carbody section. Most terms with numerical
subscripts are illustrated on the various figures; many of the terms

with literal subscripts are alsc illustrated.

Cl = Equivalent linear lateral damping coefficient between
bolster and left side frame.

C2 = Same as Cl, except right side frame.

C3 = Equlvalent linear torsional damping coefficient between

bolster and left side frame.

C4 = Same as Cs, excepf right side frame.

Ca = Effective damping coefficient in carbody bending.

Cb = Equivalent linear torsional damping coefficient between
bolster and side frames, also be, Cba’ defined by Eq. (23).

Cc = Equivalent linear torsional damping coefficient between

bolster and carbody, also Ccf’ Cca'

Cd = The difference between linear vertical damping coefficients
of the left and right vertical spring groups under the

bolster, also Cda’ Cdf; defined by Eq. (40b).

02 = Equivalent linear lateral damping coefficient between side
frame and bolster (or carbody), also C_ ., C, , defined

£ fa
by Eq. (4a).

Cr = Torsional damping coefficient between fore and aft carbody
sections.

CS = The sum of the equivaient linear vertical damping coefficients
of ‘the left and right vertical spring groups under the ‘
bo%ster, also Csé, Csf’ defined by Eq. (39b).

Da = TForce acting on drawbar from trailing car.

Df = Force aeting on drawbaf from(leading car.

E = Effective elastic modulus for entire carbody.
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Lateral forces between bolster and side frame.
Longitudinal forces between side frames and wheelsets.

Lateral forces between side frames and wheelsets.
External lateral forces acting on wheelsets.

External longitudinal forces acting on wheelsets.
Longitudinal forces between side frames and wheelsets.

Vertical forces acting on fore carbody section.
Vgrtical forces acting on aft carbody section.

Lateral component of drawbar forces.

Lateral forces between side frames and carbody.
Fictitious force between carbody and bolster.

Effective cross—-sectional moment of inertia of entire
carbody.

Moment of inertia of left side frame about its C.G.
Moment of inertia of right side frame about its C.G.

Moment of inertia of fore wheelset about its C.G.

"Moment of inertia of aft wheelset about its C.G.

Moment of inertia of bolster wheelset about its C.G.

Moment of inertia of aft section of carbody in pitch
about C.G. of aft section, including effect of bolster

mass.

Effective moment of inertia of bolster and wheelsets in
yaw, about center of truck, defined by Eq. (37).
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g

i
e

Moment of inertia of entire carbody in yaw about its C.G.,
not including bolster moments of inertia.

Moment of inertia of fore section of carbody in pitch about
C.G. of fore section including effect of bolster mass.

Effective moment of inertia of side frames in vaw, about
center of truck, defined by Eq. (22).

Effective lateral spring constant between bolster and
left side frame.

Same as Kl’ except right side frame.

Effective torsional spring constant between bolster
and left side frame.

Same as K,, except right side frame.

3’
Effective carbody stiffness in bending, defined by Eq. (76b).

- Effective torsional spring constant between bolster and

side frames, defined by Eq. (24), also be and,Kba.

Effective torsional spring constant between bolster and
carbody, also ch and Kca'

Difference between vertical spring constants of spring
groups on each side of bolster, defined by Eq. (40a),

also de and Kda'

Spring constant of spring group on "even" side of‘bolster,
also Kef and Kea'

Effective lateral spring constant between bolster (or
carbody) and side frames, defined by Eq. (4b), also
Kzf and Kla'

Same as Ke’ only on "odd" side of bolster.

Effective torsional spring constant between fore and aft
carbody sections.

Sum of vertical spring constants of spring groups on
each side of bolster, defined by Eq. (39a), also st
and K at '

Torsional moment between bolster and left side frame.
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ca

Torsional moment between bolster and right side frame.

Torsional moment between bolster and right carbody as
defined by Eq. (31).

Longitudinal distance between wheelsets in a single truck;
also, a subscript meaning "aft."

_Lateral distance between spring groups underneath bolster.

Distance defined on Figure 8.

Drawbar length.

Subscript meaning "fore."

Length of entire carbody, measured Petween centerplates.

Mass of'left side frame.

Mass of right side frame.

-Mass of fore whéelset.

Mass of aft wheeIset.'
Mass of bolster.

Mhss of aft'cafbody section, including mass of aft bolster.

Mass of entire. carbody, including mass of two bolsters.

Mass of fore carbody section, including mass of fore
bolster.

Effective mass of side frames and wheelsets, defined by
Eq. (15).

Lateral distance between side frames.
Longitudinal displacement of left side frame.
Longitudinal displacement of right side frame.

Longitudinal distance between aft cenférplate énd C.G.
of entire carbody.

Longitudinai distance between aft centerplate'and C.G. of
aft carbody section.
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cf

da

df

Longitudinal distance between fore centerplate and C.G.
of fore carbody section.

Longitudinal distance between aft drawbar connection and
C.G. of entire carbody.

Longitudinal distance between fore drawbar connection and
C.G. of entire carbody.

Small vertical displacement of top of spring group on
"even" -side of carbody, also X0 and X g

Longitudinal distance between fore centerplate and C.G.
of entire carbody.

Small vertical displacement of top of spring group on
"odd" side of carbody, also X o and x

of’
Lateral displacement of left side frame.
Lateral displacement of right side frame.
Lateral displacement of fore wheelset.
Lateral displacement of aft wheelset.

Lateral displacement of bolster wheelset.

Lateral displacement of side frames, defined by Eq. (10),
also Yea® and Yer

Vertical positions of wheels with corresponding subscripts.

Vertical displacement of end of aft carbody section above
centerplate.

Vertical displacement of C.G. of aft carbody section.
Vertical displacement of C.B. of fore carbody section.

Small vertical displacement of bottom of spring group
on "even" side of carbody, also Zon and Z g

Vertical displacement of end of fore carbody section
above centerplate, defined by Eq. (47).

Small vertical displacement of bottom of spring group on

"odd" side of carbody, also z . and z
of o
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Average vertical input, also z defined by Eq. (49).

z
wa’® “wf

Angle of bend between carbody sections, defined by Fig. 3
and Eq+ ((T5)

Pitch angle of aft carbody section.
Pitch angle of fore carbody section.

Roll angle of hypothetical line joining bottom of vertical
spring groups on aft truck.

Roll angle of aft carbody section.

Same as GA, only for fore truck, defined by Eq. (48).
Roll angle of fore carbody section, defined by Eq. (46).
Angle between fore drawbar and x axis.

Angle between aft drawbar and x axis.

Absolute yaw angle of bolster, also wba’ wa.

Absolute yaw angle of entire carbody.

Absolute yaw angle of side frames, also wsa’ wsf'

Is equal by definition to; or, is defined as.
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