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1. INTRODUCTION 
. ,J. 

The purpose of this repor,t is .~O:,Rrovi~e the,d.erivation for a number of 
results pe~taining to wheel and rail geometry that are needed for the analysis 

of contact Jtresses and friction-creepage phenomena. In particular, we wish 

to record h'ere results that are util ;zed in the computer programs COUNTACT 

(Paul and Hashemi,1977-a,b) andCONFORl~,(Paul and Hashemi, 1978, 1979). 
" ' , . 

2. ST.A.TE~lENT OFJHE PROBlEr~ 

The geometry of the wheels and rails for railroad vehicles are usually 

specified in drawings of so-calJed profile curves' in the plane of symmetry 

of the.wh~el or the rail. In Sec. 3 and in Appendix 1 we show how these 

drawings can be used to provide parameters and equations required for stress 

analysis purposes. 

Rails and ,wheels can have one or. more contact points, referr~d to as 

initial contact points, prior to any deformation. :Theinitial contact 

points depend on the orientation of the wheel set relative to the track. 
For sufficiently small yaw angles of the wheelset, the initial contact points 

are located in a ~idplane.* Only the case of a singl~ iriitialcontact point 

is discussed in this paper.** 

For a given position of the wheel r,lative to the rail, it ts required 

to determine the initial contac~points. This is dis~ussed in Sections 

4 and 5. 

For a feasible initial contact point, the distance between two points, 

in the direction of the normal to the rail or wheel at the initial contact 

point, on the, rail and wheel, is required. This distance is called the 

i n it i a 1 s epa rat ion, dis c u sse din Se c. 6 . 

'I< 

The plane which passes throuch the wheel axis and,the contact point 
will be referred to as the midplane. 

*'* For a discussion of how the initial contact points (single or multiple) 
are influenced by lateral whee1set motions see Cooperrider, et. ,a1. (1975) 
and Helle~ and Cooperrider (1977). ' 
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The region where the rail and wheel touch, after load is applied, is 

called contact patch. The determination of an initial estimate for the 

. boundary of the contact patch isdtscus;sf;!d· in Sec. 7.' 

3. RAIL AND WHEEL PROFILES 

Thera ilhead prof'i1 e i sthe 'curvet;ntersected by' the rail surface and a 

plane normal to the rail axis [see ng.(Ta~)]. The wheel profile is tne curve 

of intersection of the wheel surfac~ and a pl~n~ through th~ wh@el axis. 

Standard Americanwhee,.ls and rails are manufactured with profiles consisting, 

exclusively of straight line segments and, circular arc segments. To write 

algebraic expressions for rail and wheel profiles, the following parameters, 

. associa.t,.ed witha coordinate system; (x.,.zl' fixed in the wheel (or rail), 

are needed (see rigs. 2 and 3): 

1 .. ' The slope ai' and z-interceRt 

2. The radiu~ R~ ~nd arc-centgr 
1 

bi of straight line segment. 

coor~inates (a., b.) of circular 
1 1 

arc segment 1'. 

The "endpoint" coordinates' ex., y,.) of the right hanq end of 
1. 

segment 

In any specific case, informaU·on must be provided to calculate the 

above mentioned' pa rameters (see !\ppe:ndi-x'~' for deri vati on of theparal'1eters 

associated with the~heel and ra.il of Fi:gs. 2and 3). 

In the segment i, defined by 

x. 1 < x < x. , - , 
the "profile equations" (for wheel or rail) are: 

Z :: b + [R 2 (x )2']1 / 2 ( , t) . i 'i - . - ai ·· arcsegmen 

Z :: a. x + b,. (straight segment) , 

(3.1) 

(3.2-a) 

(3.2-b) 

When necessary, a superscript R or WI w,n-l.be used to distinguish between the 

coordinates (x R, zR) of the raH and' the; coor.d';nates (xW, zW)of the wheel. 
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For the usual case of symmetric rails, it is convenient to locate the 

z-axis parallel to the axis of symmetry of the cross-section (see Fig. 3). 

The x-axis of the rail is conveniently chos¢n to be transverse to the rail. 

4. FEASIBILITY OF 'INITIAl CQNTA'cr PATCH 

The'ra il and wheel call ha.v.e.one orrnore iniHa 1 contact points prior to 

deforming under the(action of the applied 10ads--de!Jending upon the or,ienta­

tion of the wheelset relative to the rans.· For sufficiently small yaw 

angles of the wheel set, the initial contact points are located in a plane 

which passes through the wheel axis and is normal to the rail surface. 

This plane coincides with the midplane, defined in Sec. 2. 

Thii discussion is limited to the case where there exists a single point 
of initial contact between wheel and rail. 

The initial contact point C on the wheel is det~rmined by its x-coordinate 

x~ (see Fig. 2). Similarly, the initial contact point on the rail is ... 

determined by x~ (see Fig. 3). 
For given locations of C on the wheel and on the rail, let 

(~, n,s) be a coordinate system with origin at point C, with the r;-axis along 

the cornman normal, and with ,the n-axis normal to' the, midjJlane, as illustrated 

in Fig. 4. The initial contact point C is feasible if, and only if, the 

distance between any two points on the ~ail and wheel profiles; which have the 

same values of ~ and n is positive; i.e. when 

(4. 1 ) 

We now need to write the transformation equations between the wheel and rail 
coordinates (x,z) and the global coordinates (~,~) for an arbitrary point P. 

If 8c is the angle through which the ~-axis is rotated (positive counterclockwise) 

wi.th respect to the x-axis and (xc' zc) are the coordinates of point C, in the 
x-z coordinate system, then it follows from Fig. 5 that: 
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," .,' 

1;; = (z-z ):"Cb5 8 - (X-X) sin 8 
. C . C c" c 

(4.2-b) 

or 

(4.3-a) 

z = Z + F, sin 8 + 1;; cos 6c C ,c (4.3-b) 

substituting Eqs. (4.3) into Eqs. (3.2) and solving for 1;;, we obtain 

thE: transformed equations (4.5-a,b) of tne profile, in the range 

r,. 1 < r, < r,. 
1- 1 

(4.4) 

':" (r,_a.)2]1/2(arc segments) 
1 . 

(4.5-a) 

(straight segments) (4.5-b) 

where: 

[ 

(a.~x ) cos 6 + 
1 C C 

a. = 
1 

a. cos 6 -sin 6 
" 1 C C 
" a. sin e +cos e 

1 c C 

(b.-z ) sin e 
1 C C 

(arc) 

(straight) 

(4.6-a) 
~ 

(4.6-b) 

similarly~ 

I
, (b.-z ) cos e - (a:-x ) sin 8

c 1 c C 1 C 
(a rc ) ( 4. 7- a) 

6· = l 1 " 

(a l' Xc + b. - z ) / ( cos e +a. sin S ) " 1 C ~ 1 C (straight) (4.7-b) 
and 

~. = (xi-xc) cos'S + (i.-z/ sin ec 1 c 1 C 
" (4.8) 

"" 

t:. is the segr.1ent end point abscissa in the (~,r;) system. 1 

10 
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For a given value of x 
c' the a pprBpl" ia te segment ·num IEr is, found 

from the range restriction 

x. 1 < 'x <x. (4.9) 
1- c 1 

and the corresponding valueof.z is given by Eqs. (3.2) in the form , . c 

r bi 
2 . 2.,1/2 

(arc) (4. 1 O-a) + [R. -(x -a.)' j , 
1 'C1 

) 
Z - '\ c-

l a. x + b. (straight) (4. 1 0- b) 
1 c 1 

From Figure 5, we see that the profile slope at point C is given by 

(4.11) 

Hence the angle 8c is given by 

( . -(x -a.) 
C 1· (arc) ·(4.12-a) 

\ 
l a. 

. 1 
(straight)' (4.12- b) 

[ 'R 2 ( . _ ,) 2 1 , /2 .' - x a. .J 
1 C 1 

Therefore. with (a., b.)' R, x. and x given for the rail (wheel), 
1 1 i 1 c 

z;;R(;:W) is obtained. for a given value of; , by the following procedure: 

(a) calculate zc and Bc using'Eqs. (4.10) and {4.12) respectively. 

(b) ,From Eqs. (4.6), (4.7) and (4.8). calculate (o.i' Si) and ~i' 

respectively. 

(c) 
. ., ~J . 

Finally, calculate l;;R (~ ) from Eqs. (4.5). 
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Based on the above equations and p~ocedures? a FdRTRAN program* 

called r·lIDSEP (I~IDplane SEParation} was: written to provide the following 
** as output: 

(a) 

( b) 

Transformed 'rail and! wheelpar'ameters: a.., B., [,. (see Figs. 2 and 3)', 
1 1 1 

Val ue of the separation, fu'nctfon D.r, =r,W _z:;R on· the plane n = O •. 
at e~ually spaced vai~e5 of ~.~ , 

The program is organized as shown in Fig. 6. A brief description of 

each program b)ock follows. 

i~ain Prosram UlIDSEP).: 

The purpose of the main program is to manage input and output, to call 

appropriate subprograms as needed, and: to interl ink the vari.ous components 

needed for overall program 1 09·;C. It-ca 11s upon subroutines RAI LO' and WHEElO 

to calculate LC' 8c ' ai' Bi' si' for rail and' wheel. Then it will continue 
R ~I 

to calculate z:; and z:; i fol" equal. increments of ~ , by call ing subroutines 
W R RAIL and WHEEL. Finally it calculates 6[, = c; - ( • 

Subroutine RAllO: Calculates the z-coordinate of the initial contact point 

on the rail, and the transformed parameters (a.i , Bi'~i) needed for the rail. 

SubroutineWHEElO; Calculates the z-coordinate of the initial contact 

point on whe~l. and the transformed parameters (a., 8· si) needed for the wheel. 
1 1 ' 

Subfunction RAIL: Cal~ulates th~ r,h fOr any S ~ i.e. the rail protile 

in the global coordinate system (s,z:;Y of the midpl~ne. 

Subfunction ~JHEEL·: Calculates the sl~ for any S ; ; .. e. the wheel profile in 
, , 

. the global coordinate, system (s,l;;) of the midplane .. 
, ,.".." .. 

A numerical exampl~ which fully' illustrates t,he use. of Program ~HDSEP . 

is given in Appendik2 of Paul and H~shemi C1Q78J. 

* A complete User's j·:anual for program f.iIDSEP, including the FORTRAN 
listing is given in the "User's ~1anual for Program CONFORt·j", Paul and 
Hashemi [1978J. 

** .' 
The output descri bed. here' serves as input for the cal cul ati cns of 

Section 6. 
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Fig. 6. Organization of program MIDSEP. A~rows point from 
callin£ ,to called program. 
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,6. NUMERICAL DETERMINATION OF INITIAL SEPARAt16N F8NCTION 

The initial separation function is the~distance between two points in 

the s-direction. It is obtained from the equation 

6s = ,H _ .. ~R - (6.1) 

where svJ is the wheel shapefunctionand:z;R,;,s the rail shape function, bot'h 
corresponding to the same value of e: 

- " 
6.1 Rail Shape Function and Unit Normal Vector 

The rail is a cylindri~al surface. Therefore, in the global coordinate 

system (~,f].z:;) its share function will be the same as its profile function 

given by equations (4.5). i.e. 

{6.2} 
(straight) 

where ai' 8i and E,;i are given by Eqs. (4,6-4.8). The components ,of the unit 

vector n. normal to the rail surface~are obtained as follows: 

where 
aF2 aF 2l / 2 

N = [(aE,;) + (a1;) ] 

and 
2 2 l/2 

r B· + [R. - (~-a.) ] - 1; 
, , - " 1 , 
I 

F(~,r:)=':1 

I a· [, + B,'-[' 
'- , 

Therefore, 

(arc) 

(straight) 

14 
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6.2 

aF 
- -

dL; 

n = s 

nr; = 

\~hee 1 

~ (s-a.)/R. 
\ 1 1 

L;[1 

('-
I 
l [1 

ShaEe 

+ 2J-l/2' a. 
1 

S. )/R. 
1 ] 

+a. 2rl/2 
1 . 

Function 

(arc) 

(6.6) 

(straight) 

(arc) 

(6.7) 

, (straight) 

(arc) 

(6.8) 
(straight) 

(arc) 

(6.9) 

(straight) 

", .. ' " .. 

The wheel is a ·surface of revolution with nominal radius RH (the distance 
, ., 

from the wheel axis t6 the origin 0). Its surface equation in the wheel 

d · t t" (U ~ W). th d . . ( F' 7) coor 1 na e sys em x , y ,Z 1 n e oma 1 n x. 1 < x < X. 1 S see 1 g. : 
1- - - 1 

\I ~,2 . 2 2 
( R' - z·) - (p- y,) = 0 ( 6. 1 0 ) 

where 
,,-;:;- _. - --

R\'J _ ( iR.2 _ (x-a.}2 + b.) 

vi I'! \ 1 1 1 

p =R -zo =1_ 

(a rc) 

(6.11) 

l RW - (a. x + b.) 
1 1 

(straight) 

Therefore, 
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z~ - [ :: : :::: : 

. (arc) 

(stra i 9ht ) 

\'!e nay ~xpress z~J in terms of ~ and n if we note that y :: n , 

and x is given by Eq. (4.3-a) . 

From Fig. 7 , it is apparent that 

(6.12) 

. W _ W W 2 2 2 
F(~,n,r,;)=(z -R) -(p -nJ=O (6.13) 

\-,here fC;,n, r,;W) is, by definition, the,"wheel shape function." 

Our objective will be to -:'"ind t;W for given vC\lues of ~. and n . 

HO'f.(ever,vJe cannot solve Eq. (6.13) directly because r,W a!1flears in i~ implicitly 

in a hilJhly nonlinear fashion. Therefore, !IJe \-Jill use 'the :·Jewton-Raphson 

iterative method [see Hamming, 19i'1, pp. 49-51 J which rec;uires that we 

:Juess at an initial value of't:;W andtilen find an· improved value 

(6. 1 f;) 

where the increnental correction is given by 

~t:;W = - F(t:;W)/ (dFW) 
d<; 

(5.1!)) 

\<.Jhere F is the wheel shape function defined by Eq. (6.13). Since I;;W 

enters Eq.· (6.13) through the terms zW and p'~ and p is a function of x, 

we can eval~ate d~/dI;;Win the f~r~ 

(6.16) 

The procedure is as follows: 

a. Guess a value for r,;~J (for exal"llple. use Eq. {4.5} to find r,;W 

corresf,londing.ton ::: 0) .. ' 

, 17 ,., 



·b. Find F(~W) from equation (6.13). 

c. . ax az ~ 
hnd a~' ar,;' and ax frolTl Eqs. (4.3) and (6.11 ) •. in the form 

~= - sin ac (6.17) ar; 
' .. , 

az = cos e (6. 18) 
a~ c 

(x':'a
i

) 
(arc) 

[R.2_(x_a~)211/2. 
1 1 

~= (6.19) 
ax 

-a. (straight) 
1 

d. Find p from·Eq, (6.11), then ~~ by differentiating Eq. (6.13), i.e. 

aF _ 
ap - -2p. (6.20) 

e. Find ~~ from Eq. (6.16) .' 

f. Fin d 6. "(, from E q • (6. 1 5 ) 

g .. find the new value for ~ from; 

~~w= sold +ilC; (6.21)· 

h. Repea t s teps ~ through 9. wi th the new va 1 ue of 1:'; • until a des ired 

to 1 erance is reached f<;>r 16.r;, I . 

With r;R and r;W determined at any point of the ~-n plane; the 

separation is calculated from 

:, . 

Subroutine INSEP 

(6.22) 

The subroutine INSEP--which stands far II INITIAL SEParation ll 
7- has been based 

on the analysis just discussed. Its purpose is to supply the initial separation 

between rai.l and wheel (and the unit normal components only for program CONFORt·1), 

18. 



to the calling program. It calls upon subprogram RAIL and MIDWEL to find 
~R and ~w when n = 0; then INSEP calculates s = ~W _ ~R. For n # 0, ~R 
remains the same and INSEP calls upon WHEEL to calculate ~W 

The organization of subroutine .INSEP ts shown in Fig. 8 , where the 
* . various subprograms have the following purposes. 

Subroutine INSEP: calculates s'ithe initial separation between rail 
. \ 

-and whe.el R -. ..... , .... 
Subroutine RAIL: calculates ~ for any given ~ (also components 

of unit normal vector when used with CONFuRM) 

Subroutine MIDWEL: calculates ~w when n =0 
Subroutine WHEEL: calculates ~W when n ~ a 
Subroutine WHEELO: calculates zW and dzW/dx. 

7. INITIAL CANDIDATE CONTACT BOUNDARY 

An initial estimate of the contact patch is essential for the numerical 
solution of contact stress problems. The projection on the ~-~ plane of 
the intersection curve of the two rigid surfaces. obtained by their interpene­
tration through a distance 8 ,along ~-axis is a good first approximation 
to the actual region of contact for a rigid body approach 8. This regio~ 
is called the initial candidate contact patch and its boundary is called 
the interpenetration curve (see Fig. 9). The interpenetration curve is 

given by 

(7. 1) 

In general, it will not be possible to get an analytical expression for 
f(~.n~ Therefore, we use ~ as the iridependent variable,· and find the value 
of n(=y) which satisfies Eq. -(7.1) by means of the following procedure. 

Procedure to find inter~enetration curve 
. R ) a. Ca I cu I ate '. ~ from Eq. (6. 2 for a given ~. 

b. Calculate ~W from Eq. (7.1) as; 

~W = 8 + ~R (7.2) 

c. Calculate x from Eq. 4.3-a)) using ~ and ~W. 
* . 
Note that the subprograms named RAIL, WHEEL and WHEELO used with Subroutine 

INSEP are different from similarly n~med ~ubprograms ~sed with program MIDSEP 
(Sec. 5). A complete FORTRAN listing of INSEP and all its associated subroutines 
is included with the listihg of CONFORM in Paul and Hashemi [1978J. 
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Subfunction Subroutine 
1,,fHEET INSEP 

, 

t 
Subroutine 

h'HEELO Subfunction 
flIDl~EL 

Fig. 8 Organ.ization of subroutih,e INSEP 

WHEEL 

RAIL 

, NTERPENETRA TION 
CURVE 

" . , 

Fig. 9' Inferpenetr~tion 
of Surfaces 

/ 
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d. 

e. 

Calculate 
Calculate 

I~ z from Eq. (4.3-b) ~nd p(x) from Eq. (6.11). 

n{=y) by solving·(Eq. 6.10) 

y = n = ~ /P2(_iW_RW) ] 1/2 (7.3) 

With n calculated fQr any value of .~, the interpenetration curve is 

_f 

. determined. Based pn the above proced~re, a FORTRAN ~rogram cal1edINTE~PEN . 
was written. to determine .the i,nterpenetrationcurve for. any given rigid body 

, ,t.," , . • 

displacement. For Step at INTERPEN calls the same subroutine RAIL, as that 
call~d by pr~gram ~lIDSEP. For step e, INTERPEN callsasubroutine named YRH. 

A complete User's Manual and sample problem for Program INTERPEN 
wi 11 be found in Appendix 3 of Paul and Hashemi [19781 A FORTRAN 1i s ti ng 
of INTERPEN and its associated subroutines is also given in that reference·. 

21 



Cooperrider. N. K., E. H. Law, R. Hall, P. S. Kadala, and J. M. Tuten," 
"Analytical and Experiinentaf Determination 'of Nonl inear vJheel/Rai 1 
G.eometr,ical Constraints," Rept. No. FRA-OR&O 76-244(PB 252290), (1975). 

Hamming, R. W., I,ntroductionto'App1iedNlimed-ca1 Analysis; McGraw-:Hill, NY, (1971). 

Heller. R-. and N.' K. Cooper~ider-. "User"sr~anual for Asyrrmetric Whe'e.1lRail 
Chara-cteri zat i on Program," Rept. 'No .• '- FRA/OR&0-78/05, (PB -279707/ AS) (1977). 

- . . 

Paul, B., and Ha~heml, J., "An Improved Numerica1.I·1ethod for Counterformal 
Contact Stress Prob1ems," Technical Report No.3, FRA/ORO-78/26,. Contract -
00T-OS~60144, PB 286228/AS,(1977-a)c -

Paul, B., and Hashemi, J .• "Userl s r~anual for Program CournACT COUfHerformal 
contact stress problems, II Technical Report No.4, FRA/ORO-78/27, Contract 
00T-OS-60144, PB 286097/AS,(1977-b). 

Paul, B., and Hashemi, J., IIUser.'sManua1 for Program CONFORM {CONFORMal 
contact ~tresses between wheels and rails'!, Technical Report No.5, 
FRA/ORD-78/40, Contract 00T-OS-60144, PB 288927/AS, (1970). 

Paul, B. and Hashemi, J., "Numerical Determination of Contact Pressures 
Between Closely Conforming Wheels and Rails," Technical Report No.8, 
FRA/ORO-79/4,1, Contract DOT -OS- 60144, (1979). 

, 22 



APPENDIX A. SMOOTH RAIL AND WHEEL PROFILE 

It is desired to be able to write the algebraic equation of each segment 
of a wheel or rail profile from the information supplied on an engineering 
drawing. These drawings usually show circular arcs which are joined smoothly 
to straight lines. 

Smooth transition from one se~ment to a following segmerit in a rail 
or wheel profile may occur in the following ways: 

a. From a straight l.ine segment to a .circular ar~ segment; 

b. From a circular arc segment to another circular arc segment; 
c. From a circular arc segment to a straight segment. 
In most cases the slope of straight segments, radius of a circular 

arc segment, .and coordinates of segment end points are given. 

Smooth Transition from a Straight Line to a Circular Arc Segment [F;9.A-l(a)] 

If the slope of the line is a. l' its y-interceptis b. 1" let x2 1 
1- 1--

be the greatest abscissa on segment (i-1), also let Ri be the radiu~ of the 
circular arc segment i with the end point abscissa x. [see Fig.A-1(a)].Then; 

. 1 

a 
AC = R. sin e = ;'-1 

R; (A- 1 ) 
1 11+a~ 1 l-

AB = R. cos e = 1 R. (A-2 ) 1 /l+a~ 1 1 
l-

or a. . 
a· = x. + 1-~ R. (A-3) 

1 1-1 11+a~ 1 

1-1 
R. 

b. = z. _ 1 (A-4 ) 
1 1 -1 11 +a ~ 1 

1-

where 

z;_l = a. 1 xi -:1 e+ b;_l (A- 5) 1-
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Smooth Transition from a Circular Arc Segment to Another Circular Arc 

Segment [Fig. A-1J'2.1 

If we are given the arccente~ coordinate~ (a. l' b. 1)' the radius 
1 -' 1-

R. l' the greatest end point coordinate x. 1 of segment i-1. and R. then: 
1- 1-· 1 

radius of arc segment i is given, then: 

( ) ( ) 
xi-1-ai-1 

E C = R. 1 - R. s. in e = R. 1 - R. ~R--
1- 1 1- 1 . 1 

1-

(A-6 ) 

b. 1-z , 1 
= (R. 1 - R.)[-( 1- l-}J 

1- 1 R. 1 
1-

(A-7) 

R . 
a = a. 1 + (1 - ...2.:- ) (x. 1 - a. 1) i 1- R. 1 1- 1-

1-
(A-8) 

R. 
b. = b - ( 1 - _' _1 ) (b. 1 - z. 1) 

1 i-1 R. 1 1- 1-
1-

(A-9 ) 

where 
(A-l0) 

Smooth Transition from a Circular Arc Segment to a Straight Ljne Segment (Fig;A-l(c)] 

If we are given the arc center coordinates (a. lib. 1)' radius R. l' 
1- 1- l-

and, end. point abscissa x. 1,of segment i-l, then the slope of the straight. 
1-

segment 

and 

where 

is: 

a. 
1 

= 

b. = 
1 

Z· 1 1 -

x. 1-a . 1 
-tan e= 1- 1--

z. 1-5. 1 1- l-
(\A~ 11 ) 

z. 1 - a. x. 1 1- 1 l-
(A- 12) 

= b. 1 + [R~1 - (x. 1 - a. 1) 2] 1/ 2 
1- 1- 1- 1-

(A-13 ) 
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